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Chapter 9

Crossover Designs

9.1 Introduction

Most of the repeated measures designs we used in the previous chapters are
sometimes referred to as parallel groups designs in which the subjects in each
treatment group receive the same treatment over time. When there is substan-
tial variability between subjects in such a study, it may be very difficult to test
whether or not the differences in response means found between the groups are
due to the differences in the treatment effects or due to the variability between
subjects. In the absence of period effects, the among subject variation is usually
much larger than the within subject variation during the period of the experi-
ment. In marketing experiments, where the experimental units are stores selling
a certain product, the among unit variation could be extremely large, depending
on the variation in store size. In Chapter 7 we briefly addressed this issue by
taking a set of historical store sales data to reduce the among unit variation.
In a crossover experiment involving two treatments, each subject receives both
treatments. This enables tests of the difference in treatment effects using the
within subject variability.

In general, crossover designs is a special class of repeated measures designs
in which all or some of the subjects receive different treatments in different time
periods. For example, in a comparison of a treatment against a placebo with
two groups of subjects, the first group could receive the placebo in the first
period and the actual treatment in the second period while the second group
receiving the treatment in the first period and the placebo in the second period.

With its long history [cf. Federer (1955) and Grizzle (1965)], crossover de-
signs are becoming one of the most popular designs in biomedical experiments as
they enable a better control of subject variation. Although the idea of using in-
dividual subjects as their own control is an appealing one, analysis of data from
crossover designs could be very difficult. Moreover, some alternative models and
terminology used in the literature could be confusing and some published results
reported in the literature have been found to be erroneous. The terminologies
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268 CHAPTER 9. CROSSOVER DESIGNS

used in the literature, such as the ’sequence,’ 'group,’ and ’sequence group,’ refer
to the same thing. Adding to the confusion, some authors even use alternative
terminologies such as sequence x treatment interaction in place of the period
or introduce interaction terms that are not identifiable. In a crossover study,
we need to model at least the treatment effects, carryover effects , and period
effects . As in other repeated measures experiments, it is important to model
the period effect as there might be a trend in the response variable affecting
the experiment as a whole. Modeling group effects and the treatment x period
interaction are also desirable when the design permits us to do so.

Simple designs and models based on unreasonable assumptions could lead
to erroneous conclusions. Except for very simple designs that rely on too many
assumptions, the solutions available in the literature are asymptotic methods or
some other approximate methods. Here we will discuss the underlying problem
involving just two treatments and two time periods, and we will demonstrate
how the generalized approach could help tackle inference problems in this field.
The readers interested in crossover designs involving a number of treatments
and periods are referred to Jones and Kenward (1989), Vonesh and Chinchilli
(1997), and Senn (2002). Despite much research done in this area, however, the
crossover designs remains an area requiring further research to develop methods
that do not require very large samples or unreasonable assumptions. The gen-
eralized approach provides a promising approach to developing exact methods
in such situations.

9.2 Two-Sequence Design

Consider the problem of comparing two treatments A and B in the setting of a
crossover design with just two periods. The simplest crossover design is the one
with just two sequences AB and BA in which one group of subjects receives
Treatment A in the first period and then Treatment B in the second period,
while the second group receives Treatment B in the first period and Treatment
A in the second period. It is assumed that the subjects are assigned at random
to each group to minimize the group effect. The design is further illustrated by
the table below.

Group Period 1 Period 2
1 A B
2 B A

An example of a data set from a clinical trial discussed by Senn (2002) is re-
produced in Table 9.1. In that experiment, the response variable of interest
was the peak expiratory flow (PEF), a measure of lung function, made on 13
children with moderate or severe asthma. The objective of the experiment is to
compare two treatments, a single inhaled dose of 200 pg Salbutamol (S) and 12
pg Formoterol (F)). In this experiment, a washout period of 1 day was included
between the two periods of crossover experiment.
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Table 9.1: Peak expiratory flow (in liters per minute) measured 8 hours after
treatment

Patient # Sequence Period 1 Period 2

01 FS 310 270
04 FS 310 260
06 FS 370 300
07 FS 410 390
10 FS 250 210
11 FS 380 350
14 FS 330 365
02 SFE 370 385
03 SFE 310 400
05 SF 380 410
09 SF 290 320
12 SFE 260 340
13 SFE 90 220

Suppose that out of a total of n = nq +ns subjects, n; subjects are randomly
allocated to Group 1 to receive the treatment sequence AB and ns subjects are
randomly allocated to Group 2 to receive the treatment sequence BA. In the
above example, AB=FS, BA=SF,n, =7and ny, =6. Let Yz%)t denote the
observation (or average of observations) taken from j(i)th subject in ith group
at period t. Assuming only the first order effects, let w4, i be the treatment
means, and let A4, Ap be their carryover effects from Period 1 to 2. We also need
to model sequence and period effects. Let 7 be the period effect representing
the overall trend from Period 1 to Period 2. Note that we are already having a
problem with the current design. Although less important, the design allows us
to include a parameter v to represent a possible sequence effect. As clear from
the table of expected response means shown below, even without any interaction
effects, we already have six parameters to tackle based on the sample means of
response data from the four cells.

Group Sequence Period 1 Period 2
1 AB MA+’7 MB+’7+7T+)\A
2 BA B =7 Ha—7YF+T+Ap

In comparing the two treatments A and B, the difference in means § =
g — pp is usually the parameter of primary importance. Without further
assumptions, the current design does not allow us to estimate even 4, the pa-
rameter of interest. So assume that A4 = A = A, an assumption that we will
relax later in this chapter. In many applications this assumption might not
be very reasonable except when there is no carryover effect. In other words
Aa = Ap = 0 is perhaps the only sensible case of the assumption. Therefore,
one may try to make the carryover effects small by having a washout period
between the two periods in which the treatments are administered. A washout
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period between the two treatments might minimize the effects of the carryover,
but this will not be feasible in experiments involving treatments that can affect
the response for a long period or permanently (e.g. education). The idea of
having a washout period could also introduce additional complications in con-
ducting the experiment. It also does not resolve the problem of different period
effects that exist in many applications.
To be more specific, assume the linear model

Y = e+ Tp+ 37+ e, (9.1)
fori=1,2; j(i) =1,2,...,n; ¢ = A, B; t = 1,2, where ~ is a nuisance para-
meter representing the sequence effect,

_ 0 for Period1
" 11 for Period2”

and
J— { 1 for Group1

—1 for Group?2’

Testing and interval estimation about the parameter requires some distribu-
tional assumptions as well. Following with the normal theory, we assume that
the € error terms are normally distributed with the terms corresponding to the
same subject being correlated and different subjects being independent. We do
not make further assumptions on the error structure since the current design
does not lead to a useful reduction in the number of unknown parameters of the
covariance matrix. The table below further illustrates the structure of various
effects, where p is the sum of 7 and A, which cannot be estimated separately.

Table 9.2: Response means by sequence and period
Group Sequence Period 1 Period 2

1 AB Bat+y Hpty+p
2 BA b= Ha—7+p

In the present design, the sequence numbers and the period numbers uniquely
identify the treatment in effect. Therefore, for the sake of simplicity of notation,
we shall suppress the treatment index z in the following development. More-
over, for convenience, we shall suppress the dependence of subject index on the
sequence index, and simply use j instead of j(z) with the understanding that
the values that subscript j depend on the group in question, so we can rewrite
the model as

Yije = pip +Ip+Jv 445 + €5

We can also write the model in alternative ways keeping four parameters to
represent alternative effects. Widely used alternative models all yield the same
point estimate for § = p4 — g, the quantity of primary interest, as

B
§=5¥ 1 +Y2—Yiz—Ya), (9.2)
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where

nq
> Yij
Yi = =t

g
is the sample mean computed using the observations from the ith Group and
Period t. Table below further illustrates the sample means by sequence and
period, which are unbiased estimates of the corresponding parameters appearing
in Table 9.2.

Table 9.3: Sample means by sequence and period
Group Sequence Period 1 Period 2
1 AB ?11 ?12
2 BA ?21 ?22

For example, the estimate of § given by (9.2) is established by solving the four

equations obtained by equating the cell means. As a further example, Y is an

unbiased estimate of y4 + 7 and Y is an unbiased estimate of pg — 7, and

therefore R

Yii =Y =4
2

is an unbiased estimate of the sequence effect .

7= (9-3)

9.3 Comparing Treatments

Consider the problem of testing hypotheses concerning the parameter § = 4 —
1. Before we proceed to do testing and interval estimation of the parameters,
we need to establish necessary distributional results. If we had data only from
the AB sequence or from the BA sequence, we would have performed a paired
t-test. So it is intuitive that we should be able to device a t-test in analyzing
with both data sets as well. To derive this more formally, assume standard
bivariate normal distributions of the form

Y7:( Yo Y; )/NN(H’z?Ev)v fori=1,2. (94)

The classical approach to making exact inferences on J fails unless we assume
that the two covariance matrices are the same for the data from the two groups
in the observed order of data or when the order of data from one sequence is
reversed. As illustrated by the Balaam design undertaken in the next section,
the case of unequal covariance matrices could be easily tackled by the generalized
approach and is left as an exercise (see Exercise 9.2). Here we assume that the
two data sets follow normal distributions with the common covariance matrix

0'% g12
E: 2 .
J12 g5



272 CHAPTER 9. CROSSOVER DESIGNS
Then, the variance parameter we need to tackle is evident from
Var(Yi; —Yi2) = —a'a
= —o0 (9.5)

and from Var(Y—Y9;) = 202, where o

ny
As a result, we get

2=0?+03—20panda’ = (1 —1).

< 1o = = = o2 1 1
§=5(¥ 1 +Ye —Yiz = Yo) ~ N, - (— + ) (9.6)

ni U)

To tackle 02, by pairing the data from each subject receiving the sequence AB,
we get independent distributions

yi1 = Yija — Y11 ~ N(p—4d,0%)  for j=1,2,...,m,

which are also independently distributed from

y2:Y2j27Y’2j1NN(p+(5,0'2) fOI‘j:].,Q,...,TLQ.

These results imply that

(774 + no — 2)52

2
o2 ~ Xni4na—2> (9'7)

where
1 2 nq
2= i — U, 9.8
"+ ng — 2;;(%1 Yi) (9.8)
is the pooled unbiased estimator of ¢2. It is now evident from 9.6 and 9.7 that
inferences on the parameter can be based on the result
5—6

S 1 1
v/ G+ )

na

~ tpy4ng—2- (99)

For example, it follows from this result that

~ s 1 1 ~ ] 1 1

O0—ty=r/(—+—), d+tu=y/(—+ — 9.10

Bty Gt ) Bt gy [+ o) (9.10)
is a 1007v% equal-tail confidence interval for § = p, — pp, where t, is the
v = (1+1)/2 quantile of the ¢ distribution with nq +mns — 2 degrees of freedom.
Similarly, the p-value for testing hypotheses of the form

Hy:6 <9y
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is computed as

5—6
p=1-G(—=2), (9.11)
SV G+ )

where G is the cdf of the ¢ distribution with ny 4+ ny — 2 degrees of freedom.
Moreover, point null hypotheses of the form Hy : § = §p are tested using the
p-value

p= QG(,M% (9.12)

Sy (G + )

ni no

Example 9.1. Comparing two diets

Consider the problem of comparing two diets A and B given to pigs using a
crossover design. Table 9.4 is a sample of hypothetical data on gain in weights
of a sample of 7 pigs during two periods. Four pigs receive the diet sequence
A followed by B, and the rest of the pigs receive the diet B followed by A.
Observe that in this example the gains in weight are consistently larger in the
second period. This is a period effect rather than a carryover effect. Consider
the problem of testing whether or not one diet is better than the other in terms
of mean gain in weight. In this type of application the best diet plan might
actually be any of the four sequences AB, BA, AA, or BB, a question we will
address later in this chapter, but here we simply compare the performance of
the two diets in a single period.

Table 9.4: Weight gains: Two-sequence case
Pig # Sequence Period 1 Period 2 vy

01 AB 11.2 17.8 6.6
02 AB 12.7 18.0 5.3
03 AB 9.9 16.8 6.9
04 AB 10.4 17.4 7.0
05 BA 12.0 17.7 5.7
06 BA 11.4 17.1 5.7
07 BA 11.0 15.8 4.8

The table below shows the sample means by sequence and period. In terms of
the sample means, the difference in diet means can be estimated using formula
(9.2) as

11.05 4+ 16.87 — 11.47 - 17.5
2

)

= —0.525.

This indicates the possibility that diet B might be better than diet A, but the
question is whether or not the result is statistically significant or the estimate
is an artifact of sampling variation.
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Mean gains in weight
Group Sequence Period 1 Period 2
1 AB 11.05 17.50
2 BA 11.47 16.87

To test the underlying hypothesis, let us first compute the estimate of o2 using
(9.2) and the paired differences shown in the last column of Table 9.4 as

2 g

1
SQ - - = 7. 2
T _2;;(% 7i)
3 x Var(6.6,5.3,6.9,7.0) + 2 x Var(5.7,5.7,4.8)

5
3 x0.617+2x0.27

5

= 0.478.

Now consider the hypothesis Hy : 6 = 0. The p-value for testing the hypothesis
is computed from (9.12) as

~

2|0
p = 2G(—|7|)
S\ Gs +05)
_ a0 2 % 0.525
0.692,/(5 + 3)
= 2G(—1.987)
0.10,

where G is the cdf of the ¢ distribution with 5 degrees of freedom. So we have
some evidence to reject the null hypothesis and conclude that diet B might be
better than diet A. Since the evidence is not very strong, it is advisable to
conduct the experiment with larger samples.

9.4 Four-Sequence Design

In the above treatment we had to assume that the carryover effects, which are
also aliased with the period effects, are equal for the two sequences. This may
not be a reasonable assumption in many applications, especially when one of the
treatments is a placebo. In fact, in many situations the drawbacks of model may
outweigh the benefits of the crossover design. The assumption can be avoided
and additional parameters can be introduced to account for interaction effects
if we have data from the four sequences AB, BA, AA and BB. The resulting
design is known as the Balaam design [see Balaam (1968)]. Let n1, na n4, ng be
the sample sizes from the four groups.
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Let Y;ggzz) , denote the observation (or average of observations) taken from
j(i)th experimental unit in ¢th group at occasion ¢. Assuming only first-order
effects, let p4, g be the treatment means in period 1, and let A4, Ap be the
carryover effects from period 1 to 2. Let +,, denote other main effects and
interaction terms representing effects such as the period effects, the sequence
effects, and the interactions between the treatments and the periods. Their
structure can be specified in alternative ways subject to a maximum of four
unknown parameters. Although the ~y,, parameters are considered as nuisance
parameters in estimating main treatment effects, they might also be parameters
of importance in some applications. For example, in an agricultural experiment
concerning two diet plans, the best plan might be diet A during period 1 and
diet B during period 2. Assume the linear model

Yz%)t = g Tz + 7y + 55;()1) + ei;()i)t (9.13)
fori=1,2,3,4; j(i) = 1,2,...,n;; * = A, B; t = 1,2, where 5§;()i) are random
(x)
i5(i)t
I 0 for period 1

N {1 for period 2.

effects representing the subject variation, e are the residual errors, and

In making inferences beyond point estimation, we further assume that el

15 (3
Ef()z) , are normally distributed. Table below illustrates the structure of the fixed

effects.

) and

€

Table 9.5: Response means by sequence and period

Group Sequence Period 1 Period 2
1 AB Bat+711 Mt 7Yi2t+Aa
2 BA Pp Y21 Ha+ Y22+ AB
3 AA Bat+Ys1  Ha Tt Y32+ A4
4 BB PtV B+t AB

Since we allow nuisance parameters in the two periods to be different, with-
out loss of generality as far as the main effects py4, up are concerned, we have
assumed that the carryover effect in sequence 1 is the same as sequence 3 and
that of sequence 2 is the same as sequence 4. In fact the nuisance parameters
are measured as deviations from the mean effects and the carry over effects.
Therefore, they are normalized to satisfy the usual constraints,

Y11+ V22 T Y31 + 732 =0,
Y1z + V21 T Ya1 + 742 =0,
and

Y2+ 7V32 = 0,
Vo2 + Va2 0,
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which is equivalent to

Y+ Y21 + Y3+ = 0,
Yiz Yoz + V2t 742 = 0.

In the present design, the group numbers and the period numbers uniquely
identify the treatment in effect. For example, ¢ = 3, t = 2 implies that x = A.
Therefore, as in the previous section, we shall suppress the treatment index z
in the following development. Moreover as before, we suppress the dependence
of subject index on the group index, and use j instead of j(i) with the under-
standing that the values that subscript j takes depend on the group in question.
Then, model (9.13) can be expressed as

Yijt =ty + I + 75 + €05 + €ije- (9.14)

9.4.1 Point estimates

First consider the problem of estimating fixed effects in Table 9.6 under the
constraints assumed above. Let

Uz
> Vi
j=1

Uz

V=

be the sample means computed using observations from ith sequence and period
t. Table 9.6 presents cell means by sequence and period.

Table 9.6: Means by sequence and period
Group Sequence Period 1 Period 2

1 AB Y11 Yo
2 BA ?21 ?22
3 AA ?31 ?32
4 BB ?41 ?42

From model (9.14) we get
E(Yit) =ty + Tha + 73t

Therefore, unbiased estimates of each of the fixed effects can be obtained by
equating the cells in the expected means and sample means tables given above
and solving the equations. The unbiased estimates of p4 and up obtained by
solving the equations are

3

~ e 1 |
Ha = 8(Yn +Ya)+ g(yzz +Ys52+Youn+Ysn)— <

(Yi2+Y4) (9.15)

oo
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and
~ 3 — — 1 — — — — 1 — _
g = g(Ym +Yq)+ g(Yu +Y02+Y11+Ys)— g(Y22 +Y32), (9.16)

respectively. Having estimated p, and pp, the unbiased estimates of the nui-
sance parameters and the carryover effects can be obtained as

/'?11 = ?11 - lAlAa /'?21 = ?21 _ﬁB7
%,1 = ?31 - ﬁAv §41 = ?41 - ﬁB7
~ ~ 1 — = ~ ~
Y12 = —V32 = §(Y12 — Y32 +li4 —fip),

~ ~ 1 — — . -
Vo2 = Va2 = §(Y22 =Yy — iy +1ig),
1 L
Aa = 5{(Y12 +Ya2) = (g +1p)}, (9.17)
and 1
AB = 5{(?22 +Ya2) = (fia +ip)}- (9-18)

It is easily seen that these estimates are also the maximum likelihood estimates

Of special importance are parameters that arise in comparisons such as the
difference in treatment means, v = p, — pp, and the difference in carryover
effects, n = Ax — Ap. Their estimates that follow from the above equations are

(?11 - ?12) + (?22 - ?21) + (?31 + ?32) — (?41 +?42)
4

(Yii—Yi2)+ (Yoo —Yor)+ (Y31 — Y1) + (Y32 — Ya2)
4

)
\

, (9.19)

and 1
n= 5{(712 +?32) - (722 +742)}

Some of the above point estimates are valid only under the particular set
of constraints placed on the parameters v,;,. Nevertheless, other widely used
normalizations yield the same estimate for the parameter of special importance,
namely v = py — pg. Of particular interest is the case where we allow the
carryover effects to be different for all four groups. In this case, we can treat
it = Vit + Az as the nuisance parameters for the second period and impose just
the two constraints, namely

Y11+ Voo + V31 Y52 =0
Y12 + Y21 + Va1 + Va2 = 0. (9.20)

It is easily seen that in this case the point estimates of the treatment means
become

S
By = Z(Yll +Yo +Ys1 +Ya2) (9.21)
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and )
Hp = Z(?u +Yor + Y1+ Vi) (9.22)

Clearly these estimates also yield the same estimate as before for v = 4 — pp.
Obviously, all fixed effects of interest, including the individual means and
the differences in means, can be expressed as

4 2
/9\ = ZZainij, (923)
i=1j5=1

where a;; are known constants as specified above. Therefore, it is convenient
to develop distributional results for general values of a;; before we undertake
special cases.

9.5 Distributional Results

The classical approach does not provide exact inferences beyond point estima-
tion for § and Weerahandi and Peterson (2003) showed how the generalized
approach could be taken in this context. Before we could proceed to do testing
and interval estimation of parameters of interest, we need to establish necessary
distributional results. Notice from Model (9.13) that it does not yield any re-
duction in the number of parameters in the covariance matrix for the data from
Group 1 and Group 2. In other words the covariance matrix is unstructured
and hence AB and BA data sets follow standard bivariate models of the form

Y, ~ N(p, %),  i=1,2 (9.24)

We can make inferences on 6 regardless of whether or not the covariance matrices
are equal. Here we develop testing procedures without assuming the equality of
covariances and the case of equal covariances is left as an exercise.

It is evident that

— — 1
Var(a11Y11 + a12Y12) = n—a’lzlal (925)
1

and that )
Var(as Y o1 + az2Y 22) = n—a’zEzaz, (9.26)

2
where a) = (@11 ai2 ) and @), = ( ag; agz ) are 2 X 1 vectors of known
constants. Notice also that model 9.13 does yield structured covariance matrices
for the data from Group 3 and Group 4. Let Y 4 and Y g be the random vectors
representing the data from these groups following the sequences AA and BB
respectively. Then it follows from the one factor repeated measures results that

o2 + 62 by
YANN(FLAAa< A5124A UzAﬁ(S,Qq )
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and that ) ) )
o5 +40 0
Yg~N , B "B B .
B (IJ’BB ( 62B O_QB + 52B )
We are not making any assumptions such as the equality of variance compo-
nents, which are unnecessary and unreasonable when we have allowed unequal
interaction effects and carryover effects. Now it is evident that

— — 1
Var(az1Y 31 + a32Y32) = ;3[(&%1 + a%z)ai‘ + (a31 + a32)25?4) (9.27)
and that
N N 1 2 2 2 2¢2
Var(a41Y41 + CL42Y42) = ;3[(&41 + a42)aB + (a41 + a42) 63) (928)

Of special importance are the particular cases

— — 2
Var(Ys; + Y32) = TT(J.%X + 252A) (9.29)
3
and 5
Var(?u +742) = ?(U% + 2523)7 (930)
4
which imply that
7~ N 1("%+U§)+1(2+252)+ L (02 1 25%) (9.31)
~ —(—=+2)+—A(o — (o .
716 ni no 8713 A 4 8714 B B2
where 02 = a’¥ja and 03 = a’Ya, and @’ = (1 —1 ) . Since the variance

components appearing in (9.31) are unknown parameters, they also need to be
tacked by some statistics.

To handle the variance covariance matrix X, consider the samples from the
first two groups following a multivariate distribution of the form (9.24).

Y= (Y Yo ) v Npap ), j=12...,m
and
Yo = ( Yoju Yojo ) N(ppa,B2), j=12,...,n,

where pyp = (k4 + 711 B + 712 +Aa) and ppa = (tp + Y21 Ba + V22 +
Ag)’. Then, it is known from the theory of sampling from multivariate normal

distributions that

ny

S1= (Yiy=Y1)(Yi;=Y1)'~ W(n — 1,5)) (9.32)
J=1
and that .
So =D (Yo=Y ) (Yo;~Y2)'~ W(ny — 1,5), (9.33)

j=1
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N ni N R
where Y; = Y Y;;/n;. Moreover, S1,Y1, S, and Y, are all independently
=1
distributed. In particular, (9.32) and (9.33) imply that

i
i Sii .
W, = :/le =3~ th_fl fori=1,2. (9.34)
i i

Note that S;;/(n; —1) terms are also the same as the variance of the differences
of the paired data of the first two groups.

Define
2
Ys; = ZYSjt/27
t=1
Ya = > Yaju/2,
=1
and

n3
?3 = Z?gj/ng.
7j=1

From the one-factor repeated measures model we can deduce appropriate statis-
tics and distributions on which inferences of 0% and 6% could be based. Recall
from Section 7.2 that the appropriate statistics are

2 ns
S31 = ZZ(YBjt ~ Y3 — Va3 +Y3)?
i=1j=1
and
ns3
S3p =2) (Vs —V3)?, (9.35)

j=1
and their distributions are given by

_ Sa1

Ug=—5 ~ X72z371 (9.36)
0aA
and s
V= —"2 a2, 9.37
3 0_31_'_25124 XIL3 1 ( )

respectively, where Similarly, in terms of various sample means as defined above,
the variance components 0% and (5% can be handled by using the sums of squares

2 ng

Sy = ZZ(szjt ~ Yy Yy +Y4)%

t=1j=1
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and
ng

Si2=2> (Vi;—Y4)?

j=1
having the distributions

U= 2~ X (9:38)
and

_ 023%22523 ~ (9.39)

Moreover, these random variables are independently distributed.

9.6 Testing and Interval Estimation

We are now in a position to make inferences, beyond point estimation, on the
parameters of the Balaam design. Of special interest are the problems of com-
paring of treatments, comparing the carryover effects, and making inferences
about individual treatment means. Inferences on the variance components and
the interactions are also of some interest. Although we have fairly simple distri-
butional results as outlined above, the classical approach fails to provide tests
and confidence intervals based on exact probability statements. Despite the that
the 2-treatment, 2-period Balaam design is the simplest crossover design allow-
ing unequal carryover effects, there are only asymptotic and other approximate
methods available in the literature for this problem. The generalized approach
allows us to make inferences about any of the parameters. The approach is
illustrated below with its application to some important parameters.

9.6.1 Comparing treatments

To compare the two treatments, first consider the problem of testing hypotheses
of the form

Hy : v < vy,

where v = puy — pug. The Z statistic that follows from (9.31), namely

/V\—Vo

VR + D h+ 20 + 2 (oh +26%)

ni n2 N4

Z = ~N(0,1),  (9.40)

is a standard normal random variable that we can use to test Hy if the variance
components were known. When they are unknown, the substitution method
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suggests that the appropriate generalized p-value for testing Hy is given by

p = Pr(Z> (Y11 — Y12) + T2 ;lyzl) tz(gym ;igz) *28(43?41 + TYyo) — 41/0)
\/n1W1 + 71,2W2+n3i/3 + naVa
Ay —4
= 1- B Y (9.41)

b
S11 S22 2832 2542
\/nlwl + HQWQ +n3V3 + ’IL4V4

where Ay = (11 — Y12) + (22 — Y21) + Ua1 + Usz) — (a1 + Yaz), P is the cdf
of the standard normal distribution, the expected value is taken with respect
to the independent random variables W7, W5, V3, V4, and the lower case letters
of sample means and sums of squares denote the observed values of the corre-
sponding random variables. That (9.41) is the probability of an extreme region
is evident when the region defined by (9.41) is expressed in the form

Y| {(¥114Y224+Y31+Y32) — (Y124 Y21+ Y 41+ Ya2) } —4vo
2 2
\/(”—1+"—1)+%(03+2éi)+%(a‘g+2623)

nq no

> {#11=Y12)+ @22 —T21)+T31 +Y32) — (Fa1+Ta2) } —4v0

— 2 2
931 s11 4 92 322 2832 2 2 2542 2 2
(nl 511 T 7o oo )+ 73530 (6% +26%)+ 1542 (c5+26%)

Moreover, the probability of the extreme region increases with deviations from
the null hypothesis implying that the test given by (9.41) is unbiased. This
type of integral are well-behaved and hence is easily evaluated by numerical
integration. The p-value can also be well approximated by simulating a large
set of chi-squared random numbers and then estimating the expected value in
(9.41) by the sample mean of the corresponding quantity.

Procedures for testing point null hypotheses of the form Hj : v = v could
be deduced from the p-value given by (9.41) for one-sided hypotheses. In this
case, too small values as well as too large values of the generalized test variable
implied by (9.41) constitute the extreme region. From the symmetry of the Z
variable, we can thus deduce [cf. Weerahandi (1995)] the generalized p-value for
testing Hy as
—|Ay — 4wy

p p 2 2
Vit g

The generalized confidence intervals for v are derived from the generalized
pivotal quantity given by the substitution method or deduced from the gener-
alized p-value. For example, the 95% symmetric generalized confidence interval

of v implied by (9.41) is of the form [(Ay — k)/4, (Ay + k) /4], where k is chosen
such that

p=2E%(

), (9.42)

k
S11 S22 2539 2542
\/’I’Llwl + ’I’L2W2 +’I’L3V3 + n4V4

Example 9.2. Comparing two diets (continued)

Ed( ) = 0.975.

Consider again the problem of comparing two diets A and B given to pigs by
means of a crossover design. Now suppose some data become available from the
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sequences AA and BB as well so that we have a complete data set from the four
sequence Balaam design. Table 9.7 is a sample of hypothetical data on gain in
weights of a sample of 13 pigs during the two periods.

Table 9.7: Weight gains: Four-sequence case
Pig # Sequence Period 1 Period 2 Y

01 AB 11.2 17.8 6.6
02 AB 12.7 18.0 5.3
03 AB 9.9 16.8 6.9
04 AB 10.4 174 7.0
05 BA 12.0 17.7 5.7
06 BA 11.4 171 5.7
07 BA 11.0 15.8 4.8
08 AA 11.6 16.7 5.1
09 AA 10.9 17.0 6.1
10 AA 11.7 16.8 5.1
11 BB 12.0 179 5.9
12 BB 11.4 177 6.3
13 BB 12.4 184 6.0

Mean gain in weights by sequence and period, on which we can base the
point estimation of parameters, are also shown below followed by Table 9.7. Of
special interest is the difference in mean diet effects estimated as

(Yi1—=Yi2)+ (Yoo —Yor1)+ (Y31 — Y1) + (Y32 — Vo)
4
—6.45+5.40 — 0.53 — 1.17

4

= —0.688

Mean gains in weight

Group Sequence Period 1 Period 2

1 AB 11.05 17.50
2 BA 11.47 16.87
3 AA 11.40 16.83
4 BB 11.93 18.00

As in Example 9.1, the point estimate of v suggests the possibility that diet
B is better than diet A. To test the significance of the estimate, consider the
hypothesis Hy : v = 0 that there is no difference between the mean effects of
the two diets. To test this hypothesis using the generalized p-value given by
(9.41), let us first compute various sums of squares of deviations appearing in
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the formula as

s11 = 3 x Var(6.6,5.3,6.9,7.0)
— 1.8,
S92 = 2 x Var(5.7,5.7,4.8)
0.54

11.6 +16.7 10.9+17 11.74 16.8
S32 = 2><2><Var( ;— y ;_ y —;

= 0.093,

)

12+179 11.4417.7 1244184
2 ’ 2 ’ 2

S42 = 2><2><Var(

= 0.723.

)

Now we can compute the generalized p-value as

—4 % 0.688
p = 2B - ,
1.85 0.54 | 2x0.093 2x0.723
\/4W1 + 3Ws + ><3V3 + 3Vy
—2.752
- 2E(I)( 0.4625 0.18 | 0.062 0.482 )’
‘W1 + Wz + V3 + .V4
= 0.014

where the expectation is computed using 10,000 random digits generated from
the independent chi-squared random variables

Wl ~ X§7W2 ~ X%a‘/?) ~ X§7 andv;l ~ X%

With this p-value we have fairly strong evidence to conclude that diet B is better
than diet A.

In this type of application it is possible that change of diet from one period
to the next is the best diet plan in maximizing the total gain in weight. If total
gain in weight is the quantity of interest in this example, then the underlying
problem is nothing but a classical ANOVA problem. In this case, various tests
could be based on the data shown in the table below.
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Total weight gains by diet plan
Pig # Sequence Weight Gain

01 AB 29.0
02 AB 30.7
03 AB 26.7
04 AB 27.8
05 BA 29.7
06 BA 28.5
07 BA 26.8
08 AA 28.3
09 AA 27.9
10 AA 28.5
11 BB 29.9
12 BB 29.1
13 BB 30.8

Estimated mean gains in weight due to the four diet plans AB, BA, AA, and BB
are 28.55, 28.33, 28.23, and 29.93 respectively, indicating no clear winner. In
fact the p-value of the classical F-test for testing the equality of four diet plans
is 0.38 and that of the generalized F-test is 0.23. Therefore, we do not have
sufficient evidence to reject the null hypothesis of equal effects and proceed to
multiple comparisons. However, we know from the above results that the mean
effect of Diet B is significantly better than that of A, and so the diet plan BB
should be recommended.

9.6.2 Comparing carryover effects

Now consider the problem of making inferences about the difference in the two
carryover effects, namely 7 = A4 — Ap. From the distributional results of the
previous section, we can obtain the distribution of its point estimate as

(?12 + ?32) - (?22 + 742)
2
1 Y12  Zopey (04 +0%) (0% +6%)
—( + + +
4 nq Mo ns T4

~ N, ), (943)

where X;(29) is the lower diagonal element of the matrix ¥; for i = 1,2. The nui-

sance parameters o3, 5?4, 0%, 523 could be tackled as before using the statistics
and distributions given by(9.36), (9.37), and (9.38). The remaining two para-
meters should be tackled using the sample variances of the data from the second
cells of Group 1 and Group 2, say S7 = Si(2)/(n1—1) and S2 = Sa(2)/(n2 — 1),
which are independently distributed as

S12) 5
-~ ni—1

X =

= 9.44
Y122 (0.44)
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and

an—la (945)

where

n;
Si;y = Yija—Yia)®, =12
j=1
As in the previous section, we can obtain the generalized p-value for testing
hypotheses of the form

HO 'n S o>
based on the Z statistic
27 —
7= (:7 20) —___ ~N(0,1).  (9.46)
V2 Baen RO | (i)

Now it is clear that the generalized p-value based on above statistics is given by

(Y12 + Js2) — (Yoo +Yu2) — 2770)
\/f(XlaXQa‘/?nV4>U3aU4)

1_ E(I)(@u + Us2) — (Yoo + Yu2) — 2770)’
V (X1, X5, V3, Vi, Us, Uy)

p = Pr(Z>

(9.47)

where @ is the cdf of the standard normal distribution,

51(2) 52(2) 532
X1, X5, Vs, Vy,Us, U. =
f( 1,4A2,V3, V4,3, 4) anl ’I’LQXQ 2n3V3
n S31 S42 S41

2713 U3 2714V4 2n4U4 ’

and the expected value is taken with respect to the independent random vari-
ables X4, X, V3,Vy,Us,Uy. Tt is straightforward to deduce generalized confi-
dence intervals for 1 and is left as an Exercise.
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Exercises

Exercise 1 Consider a linear model of the form (9.1) and assume that there is
no carryover effect.

(a) Derive an unbiased estimate of w , the period effect,
(b) Show that it is also the same as the MLE of T,
(¢) Construct a 95% confidence interval for .

Ezercise 2 Consider the linear model (9.1) and assume that the data from
each group follows a bivariate normal distribution. When the covariance ma-
trices of the two distributions are not equal, establish generalized procedures for
testing hypotheses concerning 0, the difference in the two treatment means. Also
establish generalized confidence intervals for §.

Exercise 3 Making the same assumptions as in the previous exercise, construct
generalized tests and generalized confidence intervals for p, the sum of the com-
mon carryover effect and the period effect.

Ezxercise 4 Consider the data set in Table 9.1. Test the hypothesis that there
is no difference in the two treatments. Construct left-sided 95% confidence in-
tervals for the parameters § and p when the two covariance matrices are equal.

Exercise 5 Consider again the data set in Table 9.1. Construct 95% confi-
dence intervals for the parameters § and p when the two covariance matrices
are unequal.

Exercise 6 Consider the data set in Table 9.4. Construct left-sided 95% con-
fidence intervals for 6 and p when the two covariance matrices are equal.

Exercise 7 Consider again the data set in Table 9.4. Construct 95% confidence
intervals for & and p when the two covariance matrices are unequal.

Ezxercise 8 Consider the generalized p-value given by (9.41). By defining a set
of independent random variables

Wy n—1 ny—1
By = ———— ~ Bet
! Wi+ Ws 6&( 2 2 )’
Wy + W, ni+ny—2 ng—1
2 W1+W2+‘/3 60,( 2 ) 2 )7
Wi+ Wsa+ Vs ny+mng+ng—3 ng—1
3 Beta’( 9 ) 2 )a

:W1+W2+V3+V4 -

and
X=Wi1+Wo+Va+Vy~ Xi1+n2+n3+n4—4v
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show that the generalized p-value can be expressed as an average of t probabilities
as

p=1—FEFr (Ay — 4v0)/(n1 +n2 +n3 +n4 — 1)

, (9.48)

S11 S22 2532 2542
\/nlBleBs + 7742(17B1)BQB3+TL3(1732)B3 + n4(1733)

where Fr is the cdf of the t distribution with ny + no + n3 + ny — 4 degrees of
freedom and the expectation is taken with respect to the Beta random variables
Bl, BQ, and BQ.

Ezxercise 9 Express the test based on the generalized p-value (9.47) as a gen-
eralized t-test.

FEzxercise 10 Find a generalized pivotal quantity for constructing interval es-
timates for the difference in carryover effects n = Mg — Ag. Construct 95%
generalized confidence intervals for n based on the generalized pivotal.

FEzxercise 11 Consider the two treatment, four sequence Balaam design and
assume model (9.13). Establish generalized tests and generalized confidence in-
tervals for the treatment effects 4 and pg.

Ezxercise 12 Consider again the two treatment, four sequence Balaam design
and assume model (9.13). Establish generalized tests and generalized confidence
intervals for the carryover effects Ay and Ap.

Ezxercise 13 Consider again the two treatment, four sequence Balaam design
and assume model (9.18). Assuming that X1 = Yo, establish procedures for
making inferences about the difference in treatment means and carryover effects.

Ezxercise 14 Consider the data set in Table 9.7. If X1 = 3o,

(a) test the hypothesis that there is no difference in treatment means,

(b) construct 95% equal-tail generalized confidence intervals for the difference
i treatment means,

(c) construct a 95% equal-tail generalized confidence interval for the difference
in carryover effects.

FEzxercise 15 Consider again the data set in Table 9.7. Without assuming that
the covariance matrices %1 and Yo are equal

(a) test the hypothesis that there is no difference in carryover effects,

(b) construct 95% left-sided generalized confidence intervals for the difference in
treatment means,

(c) construct a 95% right-sided generalized confidence interval for the difference
in carryover effects.



Chapter 10

Growth Curves

10.1 Introduction

What is commonly known as growth curves in statistical literature is a spe-
cial class of multivariate models with a special covariance structure. Some ap-
proaches taken in growth curves also lead to a special class of mized models. In
biopharmaceutical applications they deal with groups of subjects observed over
time. Hence, this is also a problem of repeated measures. However, in the partic-
ular class of growth curves, a certain parametric model is assumed for the growth
of the response variable, the quantity on which measurements are taken. The
change of the response variable over time is modeled by means of a design ma-
triz, a polynomial growth curve, in particular. To be specific, first consider the
case of one group of subjects, such as a cohort of babies observed over time. The
observed quantity tracked over time in this case can be the heights or weights of
babies. When one studies the growth curves by groups of subjects, the groups in
this case might be defined in terms of sex, ethnicily, geographical area, hospital,
and so on.

Consider a set of repeated observations taken from subjects of an experiment
at a set of common time points. The time points are not necessarily equally
spaced. For example, in observing a cohort of babies over time, one could first
take the observations every week, then every month, and finally every year.
Table 10.1 below (from Elston and Grizzle, 1962) provides a widely referred to
and widely analyzed example in the literature on growth curves. In this example
a group of 20 boys were observed at four ages and the quantity of interest was
their ramus heights.

The response variable here is the ramus height and the problem is to make
statistical inference about the growth of ramus heights as a function of age and
one may wish to model its growth by a polynomial of some order. Figure 10.1
provides a profile plot of the response variable, the ramus height, as a function
of the age of sample subjects. It seems that in this application, a linear growth
curve is appropriate for the average child as well as for individual children.

289
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Table 10.1: Ramus heights (in mm) of 20 boys
Boy No. Age (years)
8.0 85 9.0 95

1 478 48.8 49.0 49.7
2 46.4 473 477 484
3 46.3 46.8 47.8 48.5
4 45.1 453 46.1 47.2
5 476  48.5 489 493
6 52.5  53.2 533 53.7
7 51.2  53.0 543 54.5
8 49.8 50.0 50.3 52.7
9 48.1 50.8 523 544
10 45.0 47.0 473 483
11 51.2 514 51.6 519
12 48.5 49.2 53.0 55.5
13 52.1 528 53.7 55.0
14 48.2 489 493 498
15 49.6 504 51.2 518
16 50.7 517  52.7 53.3
17 472 477 484 49.5
18 53.3 54.6 551 55.3
19 46.2 475 48.1 484
20 46.3 476 51.3 51.8

Moreover, in this application the slope as well as the intercept of growth curves
seem to vary substantially from one individual to another, something that should
be modeled in analyzing the data.

In the above example there is only one group of subjects under study. More
generally we may have to deal with a number of groups of subjects studied over
time and the problem of interest might be to compare the mean growth curves
of groups. Table 10.2, a data set from Grizzle and Allen (1969) reproduced
below, provides an example of a growth curves problem involving four groups
of subjects observed at 7 time points. In this example, the data represents the
coronary sinus potassium-mil equivalents per liter by time measured in minutes
after occlusion. The Group 1 is the control group and groups are three treatment
groups as described in Grizzle and Allen (1969).
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Group 1
5 10 15 20 23

10 15 20 25
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5

Group 3
10 15 20 25

5

Time

Figure 10.1: Ramus heights by age of childred

Table 10.2 (continued): Treatment dog response after occlusion
Time(minutes): 1 3 5 7 9 11 13
Dog Group i Yo Y3 YV, Y5 Y5 Yy

10 2 3.4 384 35 81 31 3.7 4.3
11 2 3.0 8.2 30 30 81 32 3.1
12 2 3.0 8.1 32 350 88 30 3.0
13 2 3.1 82 32 32 88 381 3.1
14 2 3.8 8.9 4.0 29 35 35 3.4
15 2 3.0 3.6 3.2 3.1 3.0 3.0 3.0
16 2 3.3 8.8 338 84 86 31 3.1
17 2 4.2 4.0 4.2 J1 4.2 4.0 4.0
18 2 41 4.2 4.8 [8 4.2 4.0 4.2
19 2 45 44 4.3 45 58 44 44
20 3 3.2 3.8 3.8 88 44 4.2 8.7
21 3 3.3 8.4 84 8.7 87 36 3.7
22 3 3.1 82 32 31 82 381 3.1
23 3 3.6 8.5 3.5 4.6 49 52 4.4
2/ 3 45 54 54 57 4.9 4.0 4.0
25 3 8.7 44 44 4.2 4.6 4.8 5.4
26 3 3.5 58 58 54 49 53 5.6
27 3 3.9 41 4.1 50 54 4.4 8.9
28 p; 3.1 3.5 35 32 30 3.0 3.2
29 4 3.3 8.2 8.6 3.7 87 4.2 4.4
30 4 3.5 8.9 47 43 89 34 85
31 J 3.4 84 35 33 84 32 34
32 4 3.7 8.8 4.2 43 86 3.8 3.7
33 J 4.0 4.6 4.8 1.9 54 56 4.8
34 4 42 39 45 47 39 38 3.7
35 4 41 4.1 37 4.0 4.1 4.6 L7
36 4 3.5 8.6 3.6 4.2 J8 4.9 5.0
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Table 10.2: Control dog response after coronary occlusion
Time(minutes): 1 3 5 7 9 11 13

Dog Group Y. Yo Y5 Y, Y5 Ys Y;
1 1 40 40 41 36 36 38 3.1
2 1 42 43 3.7 3.7 48 50 52
3 1 43 42 43 43 45 58 54
4 1 42 44 46 49 53 56 4.9
5 1 46 44 53 56 59 59 53
6 1 3.1 36 49 52 53 42 41
7 1 3.7 39 39 48 52 54 42
8 1 43 42 44 52 56 54 4.7
9 1 46 46 44 46 54 59 56

Growth curves can be analyzed under alternative assumptions on the covari-
ance structure. For a discussion of various covariance structures and resulting
procedures, the reader is referred to Lee (1982, 1991). Analysis of growth curves
under unstructured covariance structures were first studied by such authors as
Potthoff and Roy (1964), Rao (1965, 1967), and Grizzle and Allen (1969). In
that treatment, the model structure and analysis were carried out in the context
of Multivariate Analysis (MANOVA) and Generalized Multivariate Analysis of
Variance (GMANOVA). Later developments such as that in Lindley and Smith
(1972), Fearn (1975), and Laird and Ware (1982) took a different approach
inwvolving random coefficient regression models and mixed effects models. This
chapter provides an overview of each of these models with greater details on the
latter approach leading to structured covariance matrices, a class of problems re-
quiring further research in which generalized inference has the promise to yield
solutions with better power and size performance.

10.2 Growth Curve Models

Consider one or more groups of subjects or experimental units on which we have
a set of repeated measures on the response variable. The growth of the response
variable is to be modeled in terms of a design matriz. In some applications the
design matriz may be formed in terms of the time t, at which the measurement
1s taken. Suppose there are N subjects and they are observed at T time points,
say ty,ta, ..., tr, which are not necessarily equally spaced. Let Yiz,i =1,..., N;
t =ty,ta,...,tr denote the observation taken on subject i at time t. Let

Y, be the T x 1 wvector of responses obtained from subject i,

Y be the N x T matriz of all responses,

B; be a p x 1 vector of covariates at time point t,

X = B’ be the T xp within subject design matriz constructed from covariates.
For example, in polynomial growth curves B; = (1,t,t2,...,t*71) and in turn
X is constructed with the times t1,ts,...,tT that t takes on.
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Assuming a linear regression model for the growth curve of each subject we
have

Y, =X8,+¢ , (10.1)
where B; is a p x 1 vector of unknown parameters, the coefficients of regression
models and €;, 1t = 1,..., N, are N independent T X 1 error vectors with some

covariance matriz 3. The error vectors are assumed to be normally distributed.
If the parameter vectors are all different with no structure relating them, then
this is just a problem that can be handled by conventional regression procedures.
In the context of growth curves, the coefficient vectors have a certain structure.
For example, they may all be the same or same within all subjects within a group
but possibly different among groups.

Being a special case of repeated measures problems that we discussed in pre-
vious chapters, different subjects could belong to the same or different treatment
groups. So, we need to setup a between subject design matrix to represent such
structures and incorporate it in the model. Potthoff and Roy (1964) formulated
a general model with a matriz A representing the between subject design matrix
as

Y = AvB+e
= AYX'+e€, (10.2)
where Y = (Y1, Y5, ..., YY), A is a full rank matriz of dimension N x q, and
v is a g X p matriz of parameters formed by B; vectors. This model is known
as the Generalized Multivariate Analysis of Variance Model and is abbreviated

as GMANOVA. With the distributional assumption for error terms made above,
we have the matriz normal distribution,

e~ Nyr(0,S®1Iy) . (10.3)

With polynomial growth curves, the matriz X has the form

1 1 /O |
ti te ty ... tr
/ BB ... 7
X'=| 8 8 8 ... : (10.4)
R T
[ A 7 S 7 S £

In general, elements of X are regressors. Its elements could also be binary
indicators representing within subject main effects and interactions.. If p =T
and X =1, any GMANOVA problem reduces to a MANOVA problem, and if
p < T, then the model has a fewer number of unknown parameters compared to
a MANOVA due to the assumed structure.

The above models could be used in formulating inference procedures concern-
ing parameter vectors of one group or a number of groups of subjects. In case
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of repeated measurements from a random sample of subjects following a single
growth curve, model (10.1) reduces to

Y, =XB8+¢  foralli. (10.5)

In this case, the model can be rewritten in form (10.2) by defining

A=1 and v=0, (10.6)

where 1 is a N x 1 vector of 1s. FEven in the one group case, A could be a matriz
of data on a set of explanatory variables. For example, if a is an explanatory
variable representing the age of subjects, then A is a matriz of the form

1 aq

1 as
A= )

1 a,

To provide the form of A and ~ for problems of comparing parameter vectors
of a number of groups, suppose there are G groups and gth group has ng subjects
so that ) ng = N. Assume without loss of generality that the index i for subjects
belonging to a certain group occurs next to each other. Then, the equivalent two
forms of the model can be written explicitly. Model (10.1) can then be written
as

Y =XB,+e  forieg (10.7)

and model (10.2) remains valid with ¢ = G, when the between-subject design
matriz and the parameter matrixz defined are as

1,, 0, ... 0,
0, 1, ... 0,
A=| 7 T, (10.8)
0, O, 1o,
and
)
Bs
v = : ,
Ba

where 1, is a n; X 1 vector of 1s and 0y, is a n; X 1 vector of 0’s. Here also A
is allowed to be quite general. For example, in place of 1,, in (10.8) we could
use matrices of data on some explanatory variables.
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10.3 Inference with Unstructured Covariances

Potthoff and Roy (1964), Khatri(1966), Rao (1965, 1967), and Grizzle and
Allen (1969) were among pioneering researchers who developed inference meth-
ods for the above models. Here we provide an overview of some of the main
results and the reader is referred to the above articles for details and for addi-
tional results.

First consider the problem of point estimation of parameters of model (10.2)
with the distribution of the error term € given by (10.8). Here we do not address
the question of prediction based on growth curves. The readers interested in
prediction methods in growth curves are referred to Lee and Geisser (1972a,

1972b).
Define
> Vi
e d i€g
Yjp=—"
gt ng
and -
Yo
_ Yo
Y,=| !
Y1

In the particular case of model (10.7), it is intuitive that the covariance matriz
Y can be estimated by the pooled sample covariance matriz S/(N — G), which
takes advantage of the data available from all G groups. In turn, the parameter
v matriz can be estimated by GLSE as

5=YS'X(X's™'X) ", (10.9)
G _ —
where S =33 (Y — Y ) (Y: —Y,) is a T x T matriz and
g=1lieg
Y,
I
Y= * |, (10.10)
Y

18 a G X T matriz of T X 1 sample mean vectors ?g computed from independent
observation from n; subjects in each of the G groups.
Example 10.1. The point estimates of growth curve parameters

Consider the data set in Table 10.3 involving 3 groups of subjects observed at 6
time points. Suppose linear growth curves are adequate for each of the 8 groups.
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Table 10.3: Responses of 3 groups of subjects observed at 6 time points

19 11.07 1094 12.19 9.65 15.19 16.73
20 20.21 19.54 19.03 10.01 204 21.15
21 12.03 14.39 17.39 17.61 14.64 15.3
22 10.8  12.52 15.24 11.64 20.17 15.06
23 22.02 14.53 14.43 10.55 18.63 19.39
24 12.47 15.01 1292 16.58 17.01 18.41

Time: t1 t2 t3 t4 t5 tﬁ
Group Subject Y: Y, Ys Yy Y; Ys
1 1 15.74 15.22 13.85 13.79 15.95 16.75
1 2 6.53 885 11.74 11.99 10.84 14.41
1 3 11.99 13.1 17.3  18.93 20.95 20.89
1 4 9.21 7.28 8.56 11.76 10.97 15.16
1 5 6.43 11.26 11.15 10.24 10.76 17.13
1 6 7.81 1249 11.13 12.22 13.89 13.88
1 7 1098 13.69 13.95 16.75 15.08 17.52
1 8 7.59 9.24 11.96 9.06 11.67 15.55
2 9 11.88 10.61 10.38 9.56 11.88 19.02
2 10 12.64 14.55 15.31 15.76 15.2 19.5
2 11 594 10.09 10.66 13.44 9.88 10.24
2 12 19.91 18.4 20.05 21.71 21.61 20.9
2 13 745 12.03 15.59 13.33 13.56 20.6
2 14 8.44 14.42 10.87 1593 14.56 16.21
2 15 10.44 154 16.99 15.66 15.55 15.04
2 16 7.37 1295 5.47 12.65 109 11.82
3 17 16.96 15.34 13.75 1857 23.11 20.75
3 18 11.6 14.65 15.51 18.44 15.13 19.23
3
3
3
3
3
3

The means for the each group at the 6 time points are the pooled covariance
matriz are shown below:

9.535 11.3912 12.455 13.0925 13.7638 16.4112
10.5088 13.5563 13.165  14.755  14.1425 16.6662 |,
14.645 14.615 15.0575 14.1313 18.035  18.2525

=
I

16.688  7.44417 7.27353 3.79836 9.85837 7.61947
7.44417 6.99782 5.74013 4.92179 6.36276 3.90188
7.27353 5.74013 11.1629 6.00876 7.62439 5.9018
21 3.79836 4.92179 6.00876 13.1102 6.81696 3.48661
9.85837 6.36276 7.62439 6.81696 11.7371 6.44863
7.61947 3.90188 5.9018  3.48661 6.44863 8.92281

Then the 3 x 2 matrixz of growth curves parameters,y estimated by applying
(10.9) is
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9.40283 1.15992
12.0991 0.88738
12.0985 0.95336

2)
Il

More generally, Potthoff and Roy (1964) provided a class of estimates, and
Rao (1965, 1967), and Khatri(1966) independently provided specific estimates
such as that in (10.9) for the growth parameter vector v and also for the co-
variance matriz ¥ of the model (10.2). The results of Potthoff and Roy (1964)
lead to exact solutions only if LSE instead of GLSE is used. It could also be em-
ployed to deduce (10.9), but the two approaches lead to different test statistics.
Here we confine our attention to only the exact solutions provided by Rao (1965,
1967), Khatri (1966), and Grizzle and Allen (1967), which can be presented in

a unified and general manner.

10.3.1 Case of general A design matrix

Formula (10.9) is valid only for the special A matriz defined by (10.8). Khatri
(1966) and Rao (1965, 1967) obtained the mazimum likelihood estimate (MLE)
of v with a general A matriz. As further illustrated by Grizzle and Allen (1967),
the estimate can be expressed as

F=(A'A)TTAYSTIX(X'STIX) T, (10.11)

where
S=Y'[I,-A(A’A)'AY. (10.12)

A proof of this result is given in Appendix B.2. In terms of the S matrix, the
MLE of ¥ is obtained as
a 1
Y= ls+ WY AA'A)A'YW], (10.13)
where

W = Iy-S~!X(X'S X)X (10.14)

Moreover, Gleser and Olkin (1970) showed that 5 and S are sufficient statistics
for making inferences about the parameters v and ¥. If unbiased estimates are
desired, then N appearing in the above equations should be replaced by N —q. In
particular, with model (10.7) and ¢ = G, an unbiased estimate of the covariance
can be obtained as

(10.15)
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It is easily verified that this is the usual pooled sampled covariance matriz com-
puted from data from all G groups. Moreover, in this case notice that

ng 0 - 0
0 ng --- 0
A'A = ) ) ) .
0 0 - ng
and _ _ _
mYi mYee .o mYarp
, n2Y o1  n2Ya ... meYor
A Y == 9
neYe1 ngYa2 ... ngYar
implying, in particular, that
(A'A)'A'Y =Y (10.16)

and hence 4 given by (10.11) reduces to GLSE given by (10.9).

10.4 Inferences on general linear contrasts

Now consider the problems of constructing confidence regions and testing the
parameters of the general model (10.2) with unstructured covariances. As in
Chapter 6, most problems of practical importance in this context involving pa-
rameters among growth curves and within growth curves could be handled by
considering double linear combinations of the form

6=CHD , (10.17)

where C is a ¢ X G matriz of known constants and D is a p X d matriz of
known constants, constructed using desired individual contrasts, where ¢ < G
and d < p. For example, if the equality of growth curves, say

Ho:B,=By="--=8B¢g (10.18)
1s the hypothesis of interest we can define the required two matrices as
1 -1 0 0
0o 1 -1 0
c=| 0 O 1 0 7 D=1,
0o 0 0 -1

or as
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where 1g_1 is a G — 1 x 1 wector of 1’s. In this case, c = G — 1 and d = p.
Similarly to test the hypothesis of parallel polynomial growth curves with X
defined by (10.4) we can use (10.17) with

C=(1¢g1 —Ig1), D= 0 (10.19)
Ip—l

and to make inferences concerning an individual parameter vector, say B,, we
can define

C=i

g’

D=1, (10.20)

where iy is a G x 1 vector having a 1 as the gth element and 0’s elsewhere. In
the latter case, we have c =1 and d = p.

10.4.1 Exact likelihood ratio test
Khatri (1966) extended the MANOVA likelihood ratio test to handle hypotheses
of the form

Hy:CHyD =0. (10.21)
At level «, the hypothesis is to be rejected if the likelihood ratio is

E
A= |E|+|H| < A (10.22)

where
E=D'(X's™'X)"'D,

H — (D'3'C')F~(C3D),
Ao @8 the critical point that must be computed using the distribution of A, and
the F matriz is defined as

!

F=C[(A'A) ' +YA(S ' =S 1X(X'S™'X) 'X's~ )Y, ]C/, (10.23)
where Y, = (A’A)"'A’Y. Recall that in the particular case of MANOVA
with unstructured covariances, X =D =1 and F reduces to F = C(A’A)~'C’.
Although one may use the asymptotic distribution of A in this case as well,
there is mo need to resort to such approximations. With a bit of coding in
SAS or SPlus, one can carry out exact tests using the U distribution of the
random variable A. Without any coding, one can perform the test using the
XPro software package.

That A has a U distribution under the null hypothesis, as was the case in the
MANOVA problem considered in Chapter 6, follows from the fact that E and H
matrices having d-dimensional central Wishart distributions,

E = D'(X'S7'X)'D ™ Wy(e, D'(X’"'X)"'D) (10.24)
H = (D'7C)F Y{CAD) ~ Wy(h,D'(X'T"'X)"'D),
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where h = ¢ and e = N — T — g + p, provided that d < min(h,e). As in the
MANOVA, the necessary quantiles Ao, can now be found using the U distribution,

A~Ugpe, (10.25)

If ¢ < d, the required condition d < min(h,e) will be violated. In this case,
the problem can be still handled by re-parametrization based on the fact that the
distributions Ug n.e and Up, d,e4+h—a are identical. Some authors set h = min(c, d)
and provide alternative ways of evaluating the distribution of A.

As before, the probabilities and quantiles of the U distribution are calculated
by expressing it as a product of independent beta random variables as

e—j+1nh

U= B1By--- By , where B ~ Beta( 5 '3

), (10.26)

provided that e > d. In testing the equality of G growth curves, we use the U
distribution,

A~ UpG-1,N-G-T+p -

In testing whether or not the G growth curves are parallel, we use the U distri-
bution,

A~Up_1,G-1,N-G-T+p -

Also recall that when d < 2 or h < 2, the U distribution can be transformed into
an F distribution:

1-Ae
hend=1, ———~Fy,. 10.2
When , A h, (10.27)
1-AY2e—1
When d =2 and h Z 2, WT ~ FQ}L,2(€—1) . (1028)
1—-A 1—-d
When h = 1, THT ~ Fd7e+1_d . (1029)

1—-AY2¢41-4d

When h =2 and d > 2, NE 7

~ Foq2(et1-d) - (10.30)

For example, if we had planned only the comparisons of the coefficients of the
first two groups, we can then set d = 1. Similarly, if all pairwise comparisons
of only one coefficient, say the slope parameter, from all growth curves had
been planned, we can set c = h = 1. When d is large, perhaps the best way to
compute the p-value is to generate a large number of random numbers from each
of the independent beta distributions and compute the fraction of times that the
inequality in (10.22) is satisfied. Asymptotically the statistic —(e—(d—h+1)/2)
log(A) has a chi-squared distribution with dh degrees of freedom. Although this
approximation is good for certain critical values, in this computer age there is
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Figure 10.2: Profile plots by time and group

no need to resort to such asymptotic results, especially in computing p-values
regardless of the observed value of the statistic.

Finally, the p-value for testing the null hypotheses of the form (10.21) in
general and the particular hypothesis (10.18) of special interest can be computed
as

p=1—Fy(A), (10.31)

where Fy is the cdf of the U distribution with d, h and e degrees of freedom. The
hypothesis could also be tested using other test statistics used in MANOVA such
as the Roy’s largest root test statistic, whose distribution could also be derived
from that of E and H. However, except in special cases, close-form solutions
are available for the test statistic defined in terms of the likelihood ratio (10.22)
only.

Example 10.2. Comparing growth curve parameters

Continuing with the example involving 8 groups of subjects, let us to test the
hypotheses of equal growth curves and parallel growth curves. In the latter case

we set
1 -1 0 0
C_<10 —1)’ D_<1)'

Figure 10.2 provides profile plots for each of the three groups, as a function of
time. It seems that the assumption of linear growth curves is a reasonable one.
Despite fair differences in point estimates of growth curve parameters computed
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in Example 10.1, given the large variances in within subject and among subject
variations, it is not clear from the figure whether they are statistically significant.
Each hypothesis can be tested using (10.21) and (10.81). For the problem of
testing for identical growth curves, the observed value of the likelihood ratio
statistic is 0.8348, with the distribution A ~ Us 2 17 and hence

1—Al/2

N Fyso .

The observed value of the F Statistic is 0.7587. Hence the p-value for testing
equal growth curves is 0.5599 providing no evidence to reject the null hypothesis.

The observed value of the likelihood ratio for testing parallel growth curves, i.e.
the equality of the three slopes, is 0.9416. In this case, A ~ Uy 217 and

F=38

1-A
F=85——~F
A 2,17

with the observed value of the F-statistic 0.5271. Hence, the p-value for testing
the hypothesis is .5996, which leads to the same conclusion.

Multiple comparisons of the coefficients of the growth curves can also be
carried out with appropriate choice of C and D in (10.17). In this example there
seem no point in proceeding to multiple comparisons as the hypothesis of equal
growth curves was not rejected. As we will see later in this chapter, however,
the main reason for insignificance of differences in growth curves is partly due
to the assumption of unstructured covariance matriz with too many unknown
parameters. Continuing with the analysis for the purpose of illustration, the F'
statistic based on the U statistic can be employed in testing, since we have only
8 groups to compare. The appropriate values of C and D are set according to
the coefficients being compared. For example, to compare the slopes of growth
curves 1 and 2 we set

C=(1 -1 0), D:(?)

If we are comparing the coefficients of only one pair of growth curves, we can set
c=h =1 and use the F statistic. If we are comparing only one coefficient of
any pair of growth curves we can set d =1 and again use the F statistic. Some
results are summarized in Table 10.4. Multiple comparisons are valid for a pair
of growth curves. Despite the fact that these are not even simultaneous tests, as
expected, no pair of growth curves have significantly different parameters.

Table 10.4: Comparing individual coefficients of growth curves
Testing equal intercepts  Testing equal slopes
Growth Curves Observed FF' p-value  Observed F' p-value
1 and 2 2.4220 1381 0.9407 .3457

1 and 3 2.0401 1713 0.4555 .5088

2 and 3 0.0000 .9998 0.0402 .8436
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10.5 Simultaneous Confidence Intervals

The above results can be employed to deduce simultaneous confidence intervals
of double linear combinations by considering, 04, = a’CyDb, where a is a ¢ x 1
vector and b is a d X 1 vector. As in MANOVA, 100v% confidence intervals
for a set of linear combinations of parameters can be constructed by alternative
approaches.

Khatri (1966) derived confidence intervals based on the maximum root cri-
terion, which has a direct relationship with simultaneous confidence intervals.
Let a = 1 — v be the corresponding critical level. Then the 100y% confidence
bounds for O, given by the maximum root method is

1/2
a’Fa)(b'Eb)| |

-~ k

eab + 1 7ak'a (
where @ab = a’C4yDb, and k, is the (1 — a)th percentile of the largest root test
criterion with degrees of freedom min(c,d), (lc—d|—1)/2, and (e—d—1)/2. The
confidence level remains valid for any number of intervals that can be deduced
from CyD. In two important special cases, namely when c =1 ord =1, Kk,
can be obtained from the F distribution. In this case, the maximum root-based
procedure is the same as the ones discussed below. This is, for instance, the case
if we had planned comparing only the parameters of two particular groups only
so that ¢ = h = 1. Similarly, if all pairwise comparisons of only one coefficient,
say the slope parameter, from all growth curves had been planned, we can set
d = 1. In these cases, a counterpart based on the U statistic also leads to an F
statistic

F:ﬂﬂ:ﬂwwphlel
hi U hi b’Eb ’

and the 100v% confidence intervals
R A 1/2
Oab =+ Firy [l(a’Fa)(b'Eb)} : (10.32)
€1

where k~ is the (1 — ~y)th quantile of the F distribution with hy and e; degrees
of freedom and

hi = h and ey =e ifd=1
hy = d and egs=e+1—-d ifh=1.

If the F statistic has already been computed in hypotheses testing, the interval
given by (10.32) can be computed using the formula

/éab + /ﬁy‘/éab|F_1/2~

If only a few prespecified contrasts are to be tested, shorter intervals than
those given by the above methods can be obtained in terms of the t distribution
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by applying the Bonferroni method. If r tests or intervals of linear contrasts are
pre-planned, then the Bonferroni intervals of 0. are computed as

te(1—37) [

Ve
where e = N — q — (T — p) is the degrees of freedom of the t distribution.

In computing confidence intervals by applying any of the above methods, we
need to be concerned with the matrices C and D only to figure out the appropriate
degrees of freedom and the contrasts that they can generate. Having done that,
the linear combination on which the intervals are to be constructed can be written
in terms of v as 0 = Oap = a'CyDb = ¢’vd, where c = C'a is a G x 1 vector
and d = Db is a p x 1 vector. If there are no special set of contrasts directly
based on the parameters of the growth curves, then ¢ = a and d = b. In either
case, if the linear combinations of interest is expressed as 0 = c’~vd, the 100v%
confidence intervals given by each of the above methods is of the form

Oap + (a'Fa)(b'Eb)] /%, (10.33)

O, [(F)(B))', (10.34)
where

E,=d(X's7'X)"'d

and

F.=c[(A'A) '+Y (ST =S 1X(X'S'X) " 'X'S 1Y/, c.

With the common problem of comparing the growth curves of a number of groups,
namely with model (10.1), . further reduces to

Fo=> c/ni+cY(S™'-S7IX(X'S7IX)'X'STHY'¢ .

For example, if we are interested in the difference in intercepts of the first two
growth curves, we apply the above formulae with,

c=(1 -1 0 - 0

and
d=(1 0 0 --- 0).

Exzample 10.3. Comparing growth curve parameters (continued)

Continuing with the example involving 3 groups of subjects, let us now construct
confidence intervals for the differences in intercepts and slopes of each pair of
growth curves. Table below shows the 95% simultaneous confidence intervals
constructed under the assumption that intervals had been planned only for com-
paring either the intercepts or the slopes. In applying formula (10.33) to ensure
the confidence level for all three pairs, we set v = 3. As a result, the confi-
dence interval for one interval is 98.33%. Despite the fact that the intervals are
constructed to ensure the level of only one parameter (either the slope or the
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intercept), all the confidence intervals are still too wide and include 0 providing
no support for rejecting hypotheses of equal coefficients. The difference in the
two intercepts of growth curves 1 and 2 is one which is close to being significant.

95% Confidence intervals for the difference in parameters

Parameter: Intercept difference Slope difference
Growth Curves Lower limit  Upper limit  Lower limit  Upper limit
1 and 2 -7.2944 1.9019 -0.4733 1.0184
1 and 3 -7.7041 2.3127 -0.6058 1.0189
2 and 3 -5.3871 5.3882 -0.9398 0.8079

10.5.1 Case of one group

Recall that in the case of one group of subjects, model (10.2) and the foregoing
results remain valid. The model is equivalent to (10.5) when we set the para-
meters as A =1 and v = 3. In particular, the point estimates given by (10.9)
and (10.11) and reduces to

B=7= (X'S7'X)'X'S 'y, (10.35)

wherey is the T'x 1 vector of T' sample means responses from n subjects observed
at each of the time points. In this case the T x T matrix S reduces to

S=» yi—-¥)yi—y) - (10.36)

N
i—1

(2

Tests of hypotheses of the form
Hy:D'B=0 (10.37)

is deduced from (10.21) by setting A = 1 and C =1. In this case the H and E
matrices reduces to

E = D'(X'S7'X)'D ™ Wy(e, D'(X’"'X)'D) (10.38)
AUA
H = (D'YiF'VD) T W,(1,D/(X'S71X)7'D), (10.39)

wheree = N —1 =T 4+ p and F is now a scalar parameter given by
F=1/N+y (S '=s71X(X'S7'X) " 'X'S 1)y.

Since h = 1 in this case, the test provided by the U statistic reduces to an F'-test,
because under the null hypothesis

e+1d<1A

y N > ~Fgeria (10.40)

where A = |E|/|E + H].
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10.6 Mixed Models in Growth Curves

The GMANOVA treatment we studied above does not allow the covariance ma-
triz to have any special structure, as we often encounter in many growth curves
applications. Yet we assumed that each group under comparison has the same
covariance matriz and that the design matrixz was the same for all subjects. A
more flexible general model which overcome such drawbacks of models of the
form (10.2) was introduced by Laird and Ware (1982) in the context of mized
models. The general form of the linear mized effects growth curves model is

vi =Xi8;,+Z;b;, + ¢ fori=1,...,N, (10.41)

where y; is the T x 1 vector of responses from ith subject, X; is a known design
matriz of dimension T X p, Z; is another design matriz of dimension T x q, B;
1s a vector of fixved effects, and other variables are jointly independent random
variables distributed as

b; ~ N, (0, ) (10.42)

and
€y ~ NT(Ov Az) ’

where A; is a within-subject covariance matriz of dimension T x T and ¥ is
usually a between-subject covariance matriz of dimension q X q. Of course the
model can also be rewritten in the form of a structured covariance matriz as

yi =XiB; +e;, (10.43)

where

If the parameters are all different and if the covariance matrices are known
except for a scalar parameter, they can be analyzed separately by regression meth-
ods. In more important applications of the model, some parameters are common
and some are different, especially depending on certain groups that they belong
to.

As in the previous section, now consider the particular problem that arise in
comparing G groups of subjects. In this case, denoting ith subject in group g by
i(g), assuming some common fized effects for subjects in a single group, we can
rewrite model (10.41) as

Yi(g) = Xi(9)By + Zi(g)bi(g) + €i(g) (10.44)
i(9)=1,...,ng; g=1,...,G,
where the random variables have common within-group distributions,
bi(g) ~ Ny(0, %) (10.45)

and
67;(9) ~ NT(O, Ag)
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The model is equivalent to

Yitg) = Xi(9)By T €i(g)

where

€itg) ~ N1(0,3)), g = Ag + Zi(g) Wi,

If 3, were known or has been estimated, the parameters of the growth curves
are estimated by MLE as

-1

b= (XX X | TXE e (0
i€g i€g

Usually it is assumed that the structure of matriz 34 is known except for a few
parameters. For evample, with independent residuals it is assumed that Ay =
ale. The between-subject covariance matriz W is treated as unstructured or
structured. In the next section we will consider an tmportant case of the problems
in which ¥ is a structured and has only one unknown parameter. When it is
unstructured, it is estimated by sample covariance using b;g) along with other
unknown parameters including B, iteratively. The reader is referred to Laird and
Ware (1982) for such estimation methods and for asymptotic results concerning
other types of inferences. In any case, there are no general results available for
exact inference on the parameters of model (10.44) and this is an area requiring
much research. Next we consider the problem when each covariance matrix has
a particular structure, and provide a solution to a simple, yet very important,
class of problems. The solution is obtained by taking the generalized approach.

10.7 Exact Inference under Structured Covari-
ances

When the covariance matriz of a growth curves model has a special structure,
classical approaches do not provide exact solutions to inference problems even
for a situation of a single growth curve. Hence this is an area requiring much
research. In this section, we consider one of the simplest, yet important, class of
problems involving one group of subjects and show how the generalized approach
could help find exact solutions. Later in this chapter we will consider the problem
of comparing a number of treatment groups. Specifically, let us consider the class
of compound symmetric covariance matrices, which can be derived from a linear
model with one random effect as described below. This is also known as inference
problem in growth curves under intraclass correlation structure.

To derive the model under a linear structure with one random effect, consider
one group of subjects following a simple linear growth curve model of the form
(10.1) [see Weerahandi and Berger (1999) for details], in which the difference
in parameter vectors is a single random effect associated with the subjects. For
ith subject we have
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Yie = a; + X(B+ei, (10.47)

where X, = Vy is the p x 1 design vector, B8 is a p X 1 vector of parameters
common for all subjects, c; is a random effect due to subjects, and €;; is the
error term. Under the usual normality assumption for each random variable,
we get

a; ~ N(0,02) (10.48)

and

€ir ~ N(0,02), (10.49)

where o2 and o2 are variance components of the model. Moreover, a; and all
€t terms are assumed to be independently distributed. Collecting data from ith
subject, the model for the T x 1 vector of responses, Y;, can be written in vector
form in terms of the T x p design matrix X =V’ as

Yi = (JéilT + X,@ + € 5 (1050)

where 17 is a T x 1 vector of 1s. It is easily seen from (10.48) that Var(Y;) =
0% + 02 and that Cov(Yy, Yi) = 02, and hence

Y, ~ Np(X3,%) with the covariance matriz ¥ = ailTllT +0o2Ip  (10.51)

This means that the covariance matrix of the observations vector has the in-
traclass structure, which is also known as the compound symmetric structure.
Notice that model (10.50) is a special case of model (10.41) with

79,7 = o171, and A; = o’y

Being a matriz with intraclass structure, the inverse ¥ of is also an intraclass
matriz. More specifically,

2

- mlj‘ljﬂ . (1052)

g

>l = 0';2 1r

Lin and Lee (2003) considered model (10.47) under the more general intra-
class covariance matriz

2 = (p102 + poo)lrly + [(1 = py)od + (1= po)o?]Ir (10.53)

where 1 > p; > =1/(T —1) and 1 > p, > —1/(T — 1). The inverse of this
matriz follows from formula (10.52).
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10.7.1 Inference with intraclass correlation structure

The problem is to make inferences about the unknown parameters 3 and the
variance components o2 and o2. It follows from (10.51) that the mazimum
likelihood estimate (MLE) of B is the weighted least-squares estimate (WLSE)

B=Xy'X)'X'sY, (10.54)

which is also known as the generalized least squares estimate (GLSE) of 3, where

Y=Y"Y;/N is a T x 1 vector. It is easily seen that the distribution of B is
given by

B~ N(B,(X'S7'X)"'/N) (10.55)

Rao (1967) showed that, if the columns of ¥X is a subspace of the vector space
spanned by the columns of X, then the GLSE reduces to the ordinary least-
squares estimate (OLSE), regardless of what X is. When X is as in (10.51) and
the first column of X is a vector of 1’s (i.e., an intercept term is present in the

growth curve model), this condition is satisfied and consequently (10.54) reduces
to the OLSE,

B=(XX)"'XY (10.56)

The result is summarized by Theorem 1 below. A direct proof of this result was
given by McFElroy (1967).

Theorem 1 If 3 is a covariance matrix with the intraclass structure and if X
1s design matriz with first column being a vector of 1s, then

(X'27'X) ' X'sY = (X'X)T'X'Y.

Of course, there is no difficulty constructing confidence regions or perform-
ing statistical tests concerning the parameter vector B if ¥ is a known matriz.
But when 02, and o are unknown parameters, as usually the case, this is not
straightforward. In fact the classical approaches to the problem do not provide
exact solutions to making inferences beyond the point estimation.

Now consider the problem of making exact inferences on coefficients of 3,
including the problems of testing whether one or more of these regression coeffi-
cients equals some pre-specified value such as zero or one sided hypotheses such
as

Hy: ﬁj < 53‘0 (10.57)

Application of asymptotic methods for testing this type of hypothesis could lead
to results with poor size performance even when the sample is large. To illus-
trate the generalized approach in testing hypotheses concerning a single slope
coefficient of the growth curves, consider the particular hypothesis (10.57). The
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search for most powerful tests can be confined to the class of procedures based
on the sufficient statistics,

/Bj; jzlapv

el - ZZ it T X;ﬁ Y Y)) ’

and

532 = TZ(?z - ?)2

where Bj is the jth component of B given by (10.56), Y; denotes the sample

mean for subject i and Y is the sample mean computed from all Y data. It
follows from (10.55) and from the literature on variance components that the
distribution of these quantities are given by

— -1
(XE1X)"

By~ NG, B, (10.58)
S2
Wy = 925 ~x., wherevy =N(T —1)—p+1, (10.59)
1
and 52,
Wy = o ~X., wherevy=N-—1 (10.60)
2

where ¢2 = 02, ¢35 = 02+ To? , and (X’E_1X)_1jj is the jjth element of the
covariance matriz (X'S~1X) ™. Lin and Lee (2003) pointed out that the distri-

butions in (10.59) and (10.60) remains valid under the more general covariance
matriz (10.53) if ¢ and 3 are redefined as

o7 =(1—py)on+ (1 —py)or,
and
¢3 = &% + T(p10% + pa02).
In terms of the general parameters, define
X'S1X) NG

n

Si(1, ¢3) = ( (10.61)

a well defined random wvariable involving nuisance parameters. Given the two
arguments of S;, we evaluate it first by computing ¥ and then performing the
matriz operations. To derive a test appropriate for testing (10.57) consider the
potential extreme region given by

Bi—Bi o bi=B b= B
2 2\ — s2 s $2. g2
Sj(¢17¢2) Sj(¢§5§1a¢3332) SJ(V[E%?V[E/E)

, (10.62)
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2 2 2 G2 z ;
where sZy, sz, and by are the observed values of Sgy, SZy, and B;, respectively.

The inequality appearing in (10.62) could also be expressed as

bj — B, .

Z > m, with Z ~ N(0,1), (10.63)
J ( V[C/1 ’ V[(j'Q )

Moreover, Z, W1, Wy are mutually independent, and as in other similar appli-

cations, we can also use the independent random variables Z,

W =W+ Wy~ x2 (10.64)
and P
B ~ Bet(l (?, ?)

to specify the extreme region, where v = NT — p. It follows from the structure
of S; that

S; (ko ko) = K'/28;(1, 63),
a property we can exploit to factor out W term from S;(s2, /W1, s2,/Ws). Not-
ing that the probability of the above inequality is an increasing function of the
parameter of interest, thus making it define a true extreme region, the general-
1zed p-value, the mazximum probability of the extreme region, is computed as

Z (bj — B;) )
= Prt= >\Vr——2 (10.65)
! ( VETZRRNE

1-E {GU ﬁ(bJ_ﬂJ))] } , (10.66)

2 2
Si(H 155
where G, is the cumulative distribution function of the t distribution with v =
NT — p degrees of freedom and the expectation is taken with respect to the beta
random variable in (10.64).

This p-value could be evaluated by exact numerical integrating using for-
mula (10.66) or by Monte Carlo integration using (10.65). As Weerahandi and
Berger(1999) argued, the test obtained in this manner in fact the unique unbi-
ased test based on sufficient statistics. Two-sided 100v% confidence limits for (3;
are deduced from (10.66), as in the previous chapters, by equating p to (1++)/2.

Weerahandi and Berger(1999) also discussed the problem of testing hypothe-
ses involving several or all of the parameters. A general test of hypothesis of the
form Hy : B1= 0 involving a subset of the parameter vector is carried out based
on the error sums of squares S%, and S%, with latter obtained by applying gen-
eralized regressions with and without the null hypothesis. Inferences for linear
combinations of the parameters of the form 8 = k'3 could be based on the result

P 1
0 =KpB~N(, Nk'(X’E—IX)*lk) (10.67)

and the above results. Since we can employee S% and S2, to tackle unknown
parameters in (10.67), the corresponding tests could be deduced from the above
results.
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Analysis of data from a growth curve model with structured covariance ma-
triz is an area requiring further research. In particular, there is a need to extend
the above results to the case when o2 varies over time. Other extensions of in-
terest include the cases of multiple variance components and AR type covariance
structures that arise in time series data.

10.8 Comparing Growth Curves

Now suppose there are a number of treatment groups following possibly different
growth curves. For convenience, let Yy; ¢, or rather, suppressing the subscript g
inig, Ygir denote the observation taken from ith subject in gth group at tth time
point. Assuming the same model as in the above section for subjects in each
group we have

Yir = agi + X8, +€git, (10.68)
g=1,...,G; i=1,...,ng,

where ﬂg ’s are the parameter vectors of particular interest. In matriz notation,
the counterpart of (10.50) in this case is

Ygi = agilT —+ Xgﬁg + egi 5 (1069)

where
ag'i ~ N(0,0’i),

and
€git ~ N (0, 03),

forallg=1,...,G; i =1,...,ng. They are also mutually independent in the
treatment of Chi and Weerahandi (1998), implying that

Var(Yyi) = 5y = 02171y + 021y

Lin and Lee (2003) argued that the results remain valid under the more general
covariance structure,

By = (01025 + p20)1rly + [(1 = py)os + (1= po)og]lr . (10.70)
In either case, the inverse of the covariance matriz is of the form
2 2
]. - ’
251 =— Iy — MIT:‘-T ,
¢1g T¢2g
where
¢ty = (1= p1)oa + (1= po)o, (10.71)

and
B39 = Oty + T(p10% + paoy) (10.72)
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with the particular case p, =1 and py = 0 in the Chi and Weerahandi (1998)
treatment. The problem of primary importance is that of comparing growth
curves of different groups, and especially the problem of testing the hypothesis

B1=By=--=0¢ - (10.73)
Define
L TLg
Y, = ZYgi/”g’
i=1
B T
Yo = 3 Yau/T,
t=1
and

g
Y= Ygi/ng.
i=1

It follows from the results in the previous section that the MLE and the GLSE
of each parameter vector is the same as the LSE and its distribution is normal:

Bg = (Xlgxg)_lxlg?y ~ N(Bgv((xlgzglxg)_l)/ng) (10.74)

First consider the simpler problem of testing the hypothesis (10.73) under
the assumption that group residual variances are all equal; that is,

0?=03=--=0%L =02 (10.75)

so that ¥y = X for all g. Classical approach to the problem does not provide
exact solutions or good approrimations to even this case where there are only
two nuisance parameters. The solution by the generalized approach is quite
straightforward. To derive a test, decompose the residual sum of squares as

G ng T
SSE = ZZZ(Ygit - X/gt'Bg)Q = Sgl + 532 )
g=li=1t=1
where R B B
S = ZZZ(Ygit — X8, (Ygi — Yq))?, (10.76)
g 7 t
and

532 = TZZ(?Z - ?)2-
g 7
These random variables are independently distributed as
S

Wi =5 ~x2, (10.77)
b1
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and 2
Wy = fg NXLQ/Q’
where vi = N(T—1)—=G(p—1), va=N -G, N =) n,,

¢ = (1—py)oz + (1 — py)oz,

and
05 = ¢ + T(p,02 + py02).

Letting X~'/2 denote a positive definite square root matriz of X1, multiplying
both sides of (10.69) we can rewrite the model as

?gi = XQIBQ + ey, (10.78)
where ?gz- = 2*1/2Y9i and )~(g = E’l/QXg. Let
Sta(07,63) = S3(87,03) + -+ + S&(67, 63) (10.79)

be the residual sum of squares obtained using model (10.78) when qb? and (b%
have been specified to enable the computation of ?gi and )~(g. Let §%Q(¢f,¢§)
denote the residual sum of squares obtained under the null hypothesis of identical
growth curves. The distributions of these sums of squares are given by

S (67, 03) ~ X2, (10.80)

and B
Sta (@1, 03) ~ xi,»
where vs = NT — pG = vy + v, and vy = NT — p. It is also easily seen that

2 2 2 Sh | S
ST 2(¢1,93) 4= (10.81)
1 b3
= Wi+ Wa~ i, (10.82)

and that it is distributed independently of S2,(¢?, ¢2) — giz(qﬁ, $3).
To derive the generalized test for testing the hypothesis (10.73), consider the
potential extreme region defined by the inequality

2 2

{sz((ﬁ,czﬁ%) > (g0l 57 ¢>§>}, (10.83)

el e2

a well-defined subset of the sample space, where s, and s, are the observed
values of the sums of squares S?, and S2,, respectively. Obuviously, the observed
sample point falls on the boundary of the extreme region and the probability of the
iequality is greater under the alternative hypothesis compared to that under the
null hypothesis, as further clarified below. Using the property 5122(k;¢?,k¢§) =
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k152,(¢2,¢2) and the identity (10.81) and defining a beta random variable
as in the previous section, the gemeralized p-value for testing the hypothesis of
identical growth curves can be computed as

§122(¢?>¢§) > 32 531 332
Wi+ Wo = 2N (W 4 Wa) Wa /(W + W)

Q2 (42 42 2 2
Pr{iu(%zv%z) 25%2(8&, Se2 )}
51,2(¢1v $3) B 1-B

= Pr( ) (10.84)

a2 2 42y Q2 2 2 2 2
_ Py { S12(¢1722) 251,22(¢17¢2) > §?2(3L1, Se2 ) — 1}
S1,2(¢17¢2) B 1-B
_ P So1 e
= 1-F {Hl,ﬂg [V(su(B, T B) -1, (10.85)

where B ~Beta(v1/2,v2/2), and H, 4 is the cdf of F distribution with v =
p(G — 1) and ¥ = NT — pG degrees of freedom. Using widely used software
packages such as SAS and SPlus, the p-value could be computed by Monte Carlo
integration. Without having to code the underlying formulas, the p-value can
be conveniently computed using the XPro software package. It also provides
necessary input for making inferences concerning variance components o2 and
o2.

Example 10.4. Comparing growth curves with structured covariances

Consider again the data set given in Table 10.3 and let us compare the growth
curves assuming model (10.69). The estimates of growth curve parameters, =,
estimated now by applying (10.74) for ordinary LSE, is

| 8.5612 1.2039
5= B, | = 1038 09753
A 13.052  0.7820

The p-value for testing the equality of growth curves computed using (10.85)
is 0.1288. Note that, as a result of using a structured covariance matriz this
p-value is much less than the one computed using (10.31).

10.9 Case of Unequal Group Variances

Chi and Weerahandi (1998) also provided a procedure for testing the assumption
of equal group wvariances is reasonable or not. When the assumption is not
reasonable, it is better to drop the assumption rather than risking the accuracy
of tests. Now consider the problem of testing the hypothesis (10.738) without the
assumption of equal error variances made in the above derivation. In this case,
unknown variances can be tackled by means of the residual sum of squares
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TLg T
Sp = ¥ (Yo = X8y~ (Vi — Yy))%,
1=1t=1
g = 17 e ’G.

The distribution of S; s given by

SQ
Ug =5~ Xin,» (10.86)
¢1g

where v1g = ng(T —1) —p+1. Moreover, these random variables are distributed
independently from that of

S2
Vo= —5 ~ Xia, (10.87)
¢2g

where vog =ng — 1, and

'Ilg

=Ty (Vi —Y,)>
=1

Now we can proceed as before with the same data transformation as in (10.78)
by defining

512,2((;5?17 RS ¢?Ga ¢31’ R ¢§G) = §%(¢%la ¢§1) +.o.t §é(¢?G’ ¢§G)7 (10'88)

the residual sum of squares obtained using model (10.78) when the e_parameters

¢1q and ¢2q for all g have been specified to enable computation of qu and X
It is easily seen using (10.86), (10.87), and (10.88) that

Sta(@Th,- s Bl d51s - b3a) = DUy + Vo) ~ X1y (10.89)

g9

Similarly, let gfz(ﬁl, PTG, Ba1s e Pag) denote the residual sum of squares
obtained under the null hypothesis of identical growth curves. The distributions
of these sums of squares are given by

52, ~ X2, and 53, — 525 ~ 2 (10.90)

are independently distributed, where v3 = NT — pG, vy = NT —p, and v =
p(G — 1) = vy — v3 are the same degrees of freedom as in the equal variances
case, because the nuisance parameters have been specified. Hence, proceeding as
before we can compute the generalized p-value for testing identical growth curves
can be computed as
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p o= Pr{Sh(¢, ..., G da, -y b)) > (10.91)
ot e L By (09
S - PRI S o y 7o PRI Sy .
12 S% 11 Sg;' 1G S% 21 S% 2G
52 1 52 s2, 42 §2
= PI' Tl2>~7§2 71,...,7,717...,761 . 1093
(Siz - SfQ 12(Ul Uz W1 VG) ( )

To express this p-value also as integration with respect to some beta random
variables, define 2G chi-squared random variables observed values as

| Uk ifk<G
Ry = { Vioe ifk>G (10.94)
and ) ; o
| sy ifk <
2L = { S’ifc ifk>G (10.95)

Since Ry ~ X%k, k =1,...2G are all independent random variables, we can
define 2G — 1 independent beta random variables as

l l

> Ry >Tk

B =t NBeta(kQ 7”7“),l:1,...,72G—1, (10.96)
>Ry
k
where
- :{ Uik %ka G
Vo(k—G) ifk>G

With this notation, the p-value corresponding to the extreme region defined by
(10.91) can be computed as

Q2 <2 32 (2L zZ2 z
» = Pr 512:51,22312(§1,§2,-~-7Rﬁ)71
%, Ri+ -+ Rac
21
- PF >R (—
I Ay
2k 22a )71}
(1= Bi—1)Bi---Bag—1" " (1 = Bag-1)
sl
= Pr(l— E{H, y3%y(— 2t |
( {0 12(BIBZ"'BQG71
“k 26 )1}, (10.97)

(1= Bi—1)Bi---Bag—1" (1 = Bag-1)

where Hy, g is the cdf of F distribution with v = p(G — 1) and 9 = NT — pG
degrees of freedom of F random variable.

Perhaps the simplest way to evaluate this probability is by Monte Carlo In-
tegration. This involve generating large number of beta random variates from
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each of the beta random variables, the value of 325 at for each set of values, and
then the cdf of the F distribution at each value of 33,. Finally, the expected
value is estimated by the sample mean of F-values and in turn the p-value. In
this case also the p-value can be conveniently computed using the XPro software
package. Based on formulae given by Chi and Weerahandi(1998), it also pro-
vides various input for making inferences concerning variance components o>,
andaé;g: 1,---,G.

Example 10.5. Comparing growth curves under unequal error variances

Consider again the data set given in Table 10.3 and let us compare the growth
curves assuming the model (10.69). The estimates of growth curve parameters,
v, still computed using (10.74) and remains as.

B1 8.5612 1.2039
A=\ By | = 10.385 0.9753
JcA 13.052  0.7820

However, their standard errors are now different. As a result, the p-value for
testing the equality of growth curves computed using (10.97) now becomes 0.0854
and the null hypothesis can be rejected at the 0.1 level of significance. Note that
as a result of dropping the unreasonable assumption of equal error variances,
despite the fact that now we have 2 additional nuisance parameters, this p-
value is less than the one computed under the assumption that they are equal.
This further demonstrates the repercussions of unreasonable assumptions on the
power of a test.
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Ezxercises

Ezxercise 16 Consider model (10.2) in generalized MANOVA. Write down the
form of

(a) A matriz if growth curves all subjects are different,

(b) parameter matriz v, and the design matriz X if exponential growth curves
with one nuisance parameter, representing the coefficient of time variable are
assumed

(¢) A, v, and X matrices in ordinary MANOVA.

Ezxercise 17 Consider model (10.2) and hypotheses of the form (10.21). Write
down the form of C and D matrices if

(a) growth curves of group 1 and group 2 are to be compared,

(b) the hypothesis that all polynomial growth curves have the same intercept
term is to be tested,

(c) the hypothesis of identical linear coefficients of polynomial growth curves is
to be tested,

(d) the hypothesis that first two growth curves are parallel is to be tested.

Ezercise 18 Consider again model (10.2) in generalized MANOVA and as-
sume straight lines for the growth curves. Write down the particular formulae
for computing p-values for testing the hypothesis that

(a) the intercepts of the first and the second growth curves are identical,
(b) the slopes of the first and the second growth curves are identical,

(¢) intercept of ith growth curve is positive,

(d) slope of ith growth curve is positive.

Ezxercise 19 Repeat the inference procedures carried out in previous exercise
when the covariance matrices has a common intraclass covariance structure.
Repeat the inferences when the covariance structure is of the intraclass form
and yet the error variances of the three growth curves are unequal.

Ezxercise 20 Consider again the generalized MANOVA model with straight lines
for the growth curves. Write down the particular formulae for Scheffe and Bon-
ferroni confidence intervals for the

(a) difference in intercepts of the first and the second growth curves,
(b) difference in slopes of the first and the second growth curves,

(c) intercept of ith growth curve,

(d) slope of ith growth curve.

Ezxercise 21 Repeat the inference procedures carried out in the previous exer-
cise when the covariance matrices have a common intraclass covariance struc-
ture. Repeat the inferences when the covariance structure is of the intraclass
form and yet the error variances of the three growth curves are unequal.
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Ezxercise 22 Consider the data set in Table 10.1 involving one group of sub-
jects. Fit a second-order polynomial to the data. Assuming that the covariance
matriz in unstructured, report

(a) estimates of parameters of the growth curve,

(b) estimates of their standard errors,

(¢) p-value for testing the hypothesis that the intercept of the growth curve is
48,

(d) p-value for testing the hypothesis that the growth curve is actually a straight
line,

(e) 95% confidence intervals for each coefficient of the growth curve.

Ezxercise 23 Repeat the analyses carried out in the previous exvercise when the
covariance matriz has the intraclass covariance structure.

Ezxercise 24 Consider the data set in Table 10.2 involving three groups of sub-
jects. Fit second-order polynomials to each group and report the estimated coef-
ficients, assuming an unstructured common covariance matriz.

(a) Test the hypothesis that the growth curves are identical.

(b) Test the hypothesis that the growth curves are parallel.

(¢) Test the hypothesis that the first growth curve is actually a straight line.
(d) Find a 95% confidence interval for the difference in the slopes of the first
two growth curves.

(e) Find a 95% confidence intervals for coefficients of the first growth curve.

Ezxercise 25 Repeat the analyses carried out in the previous exvercise when the
covariance matrices have a common intraclass covariance structure. Repeat the
analyses when the covariance structure is of the intraclass form and yet the error
variances of the three growth curves are unequal.

Ezxercise 26 Consider the data set in Table 10.8 involving four groups of sub-
jects. Assuming a linear model with an unstructured common covariance matri,

(a) test the hypothesis that the growth curves are identical,

(b) test the hypothesis that the growth curves are parallel,

(c) 95% confidence intervals for difference in slopes of the first two growth
curves.

Ezxercise 27 Repeat the analyses carried out in the previous exvercise when the
covariance matrices have a common intraclass covariance structure.

Univariate Technical Arguments
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.1 Derivation of the Generalized F'-test in One-
Way ANOVA

To express the generalized test in Chapter 2 as a generalized F-test, consider
the p-value derived as

2 2 2
~ ~ ,MN1S7 MN2S5 NESy
=Pr(Sg >s
p ( B = B( Y, ) Yy ) ) Y )7
where
I rd 2 2 2
SB = SB(O-]J)O-]{;) ~ Xk?*l’

sp 1is the observed value of §B, 52

2 is the observed values of sample variance S?,
and

Yi=niS /o ~ X1 (98)

To express the test in terms of the F' distribution and to obtain a computationally
superior representation of the underlying integral, define the independent beta
random variables,

Yl (7’1,1 — 1) ng — 1

B, = ~ Bet
1 Y, +Y, 60‘( 2 ) 2 )
Vit Yot - +Y; I (g —1 i -1
B, = ittt Beta(z("’ ) mn — 1)
Vi+Yat . +Y+Y i 2
io= 2. k-1

Moreover, the sum of all chi-squared random variables is distributed as
W=Yi4+Ya4... 4V~ X3

independently of the beta random variables, where N = > n;. It is also known
that W, B;, j = 1,2,...,k —1 are mutually independent random variables.
Note also that the chi-squared random variables Y;’s can be expressed as

Yi = WB1By-- Bj-1,

Y;‘ :W(l—Bifl)Bi“'kal fOT’i:27...,k,

and

Y, = W — Bp_1),
Therefore, the p-value can be expressed as

) 2
~ ~ n187 "k 5k

= Pr(Sg > W
P r(Sp > sp( WB1By---Br_1" 7 W( — Bj_1)

))
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But it follows from the definition of Sp that it has the property that, for any
given positive constant ¢ and a vector x with positive elements,

gB(cxh S cTy) = gB(acl7 S TE)/C
Moreover, under the null hypothests,
S/ (k- 1)
W/(N - k)

Hence, the p-value can be expressed as

W = ~ Fr_1 Nk

Si ~ HIS% nks%
p = Pr(Z2 >3 yeeey
(W B( B1Bo--- By, (1 — Bg-1)
N —k_ 17 n2s3
= 1 — E H — —
(Hp—1,n k(k,1SB[BlBQ-uBk_l’(1*31)32"'316—1’
ngsg TLkSi

Yo 99
(1= DB3)Bs--- By (1 - By—1) (99)
where Hy_1 ny—k 15 the cdf of F distribution with k — 1 and N — k degrees

of freedom, and the expectation is taken with respect to the independent beta
variables defined above.

.2 ANOVA for the Two-Way Layout without
Replicates

Suppose we are interested in the fived effects of two factors, A and B. Let
Ay, Ao, ..., Ay be the levels of factor A, and let By, Bs,..., B, be the levels
of factor B. In the two-way layout with no replicates we have just one data for
each combination of factor levels. The available data can be set out as in Table
2.9. To enable analysis of data from an experiment involving the two-way cross
classified design involving no interactions, consider the linear model

Yij = p + a; + B; + €, (100)
i=1,....k, j=1,...,n,
where «; is the ith effect of factor A and B; is the jth effect of factor B stan-

k n
dardized such that Y. a; = 0 and >, B; = 0, respectively. We also as-
i=1 j=1
sume that the residuals are normally distributed with a common variance; i.e.
€ij ~ N(0,02). Note that, to avoid over parameterization, we need to assume
in the current problem that error variances are all equal. If the assumption is
not reasonable it is necessary that we obtain more than one observation from
each cell.
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We are interested in testing the equality of factor levels, namely testing the
hypotheses

Hop: a1 = ap = -+ = ap = 0 (101)

and

Hop: B = By = -+ =B, =0 (102)
against the obvious alternative hypotheses.

Consider the sample means Y ; corresponding to factor A; and the sample
means 7,3» corresponding to factor Bj. Let Y be the grand mean of all data
and let N = nk. It is straightforward to see that a; = Y, — Y and
B; = ?_j — Y are unbiased estimates of the parameters oy and B;, respectively.
They are also the maximum likelihood estimates of the parameters. Consider the
sums of squares

k

Sa = ny (Vi = V),
i=1

Sg = kY (V; - Y)
j=1

and

k n
Sp o= Y. Y (Yi; - Y. - Y; +Y)>

i=1 j=1

As in the one-way ANOVA, various testing procedures can be based on a decom-
position of the total sum of squares Sy = Y. > (Vi; — Y)? given by

St = Sa + Sg + SE.
The result is easily seen by taking the sum of squares of each side of the identity

Vi = Y) =i -+ V; - Y) +(¥; — Y. — Y, + 7). (103)

and showing that the cross products of terms on the right hand side sum to zero.
In this case, the mean sums of squares are defined as

Sa
MSA =
B (1)
Sp
MSB =
o (1)’
and g
MSE = E
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It also follows from zero sums of cross products that the decomposition is orthog-
onal. In turn it follows from the normal theory results that the sums of squares
Sa, Sp, and Sg are mutually independent and that they are distributed as

~ X1y (k—1)- (104)

2
and

Sp >

—5 ™~ Xk—1 and ~ Xn—1 (105)

)
The distributional result (104) is true in general, and the results in (105) are
valid under Hya and Hyp, respectively. Hence, under Hya,

MSA - SA/a

where a =k —1 and e = (n—1)(k—1). Furthermore, if Hoa is not true the
distributions in (105) and (106), respectively, become non-central chi-squared
and non-central Fa distributions. Consequently, unbiased tests of Hoa can be
based on the p-value

Fy =

Pa = 1 — Hype( 2272), (107)

where H, pis the cdf of the F' distribution with a and b degrees of freedom.
Similarly, testing of the hypothesis Hop can be based on the result

MSB Sp/(n — 1)
Fp = _ ~ F ' .
B = MSE T Sg/in—1)(k—1) n—1,(n=1)(k-1) (108)

leading to the p-value

Py = 1 — Hp

), (109)

where b = n—1 and e = (n— 1)(k — 1). Various quantities playing a role
in the computation these p-values are summarized by the ANOVA table shown
below, where various sums of squares are denoted by SS and their mean sums of
squares are denoted by MS.

Table 5: Two-way ANOVA table

Source D.F. SS MS F-statistic
MSA
B n — 1 sg MSB M5B

Error (n—1)(k—1) sg MSE
Total nk — 1 ST
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.3 Derivation of F-tests for Two-Way ANOVA
with Replications

Consider the linear model

Yijge = wp+ ai + 85 + 75 + €ijks (110)
T = 1,...,I,j:1,...,J,k:].,...,nij,

where v,;; terms represent the interactions and
Gijk ~ N(O,O’Q).
Consider the problem of testing zero interactions

Hoap: v;; = 0 forall i=1,...,1, j=1,...,J. (111)

It is also of interest to test the hypotheses that there is no difference in main
effects as specified by Hya and Hyp in the previous section. Testing of hypothe-
ses could be based on a decomposition of the total sum of squares into sums of
squares that are attributed to factor A, factor B, the interaction between factors
A and B, and the random error. Consider the partition

Sr =S4 + Sg + S + Sg, (112)
where
I J K
ST:ZZZ(Y;jk - Y)Qa
i=1 j=1 k=1
I J
SA—JKZ(YZ - Y)?% Sp _IKZ(YJ - Y)?
i=1 j=1
I J B o o
St =KY Y (Y —Y, - Y; +Y)
i=1 j=1
and
I J K I J
= 2.0 D Mg = Vi) = KZZ &
¢:1J:1k=1 i=1 j=1

where Sfj is the sample variance (MLE of Ufj of the data from ijth cell.
By the orthogonality of the above decomposition, the sums of squares Sa,
Sp, and Sg are all independently distributed and
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Moreover, respectively under Hya and Hyop, we have

2
Sa 9 SB 9
5 ™~ Xi-1s ™ XJ-1
o2 o
and under Hyoap, we have
S;?

2
. X(1-1)(J-1)

Hence, if Hyap is true we get the F-statistic

MSI S/ — 1)(J-1)
WSE = S/ (N — 1) ~ Flu_1(Jj-1),N-1J;

Fr = (113)

that is, Fr has an F distribution with (I —1)(J — 1) and N — IJ degrees of

freedom. Moreover, F tends to take large values for deviations from Hoap.
Therefore, Hyap is tested on the basis of the p-value

S]/i
pr = 1 l{ue( SE/G )7 (114)
where i = (I —1)(J—1), e = N —1J, and in general, the notation Hg
stands for the cdf of the F distribution with a and b degrees of freedom. At
fized-level oo, Hyap is rejected if the observed value of the Fy statistic is greater
than F; .(a), the (1 — a)th quantile of the F' distribution with i and e degrees of
freedom.
Similarly, testing of the hypotheses Hop and Hoap can be based on the p-
values

SB/b
sg/e

sala
sg/e

pa = 1 — Hy ) and pp = 1 — Hyp ), (115)

respectively, wherea = I—1 andb = J—1. The main effects and interactions
can also be tested jointly. For instance, to test whether Hya and Hoap are both
true, the sum of squares sa + sy and its degrees of freedom J(I — 1) can be
used in the numerator of the appropriate F-statistic. The computation of the
F-statistics and the p-values is facilitated by the analysis of variance table as
shown below.

.4 Probability Coverage of GCI to the Behrens—Fisher
Problem

The 100v% left-sided generalized confidence interval is of the form

(T1 —Ta) — cv(sf, s%) <4, (116)
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Table 6: Two-way ANOVA with interactions

Source D.F. SS MS F-statistic
A I -1 Sa MSA MSA/MSE
B J —1 Sg MSB MSB/MSE
Interac. (I—1)(J—1) s MSI MSI/MSE
Error N—1J sg MSE

Total N — 1 ST

where ¢, (s%,s3) is the solution of the equation

(117)

where the expectation is taken with respect to the beta random variable

-1 -1
BwBeta(n12 7n22

).

Notice that c,(s3,s3) function has the property, c(ks?, ks3) = Vkc(s?,s3) for
positive real number k. Akahira (1999) obtained a general formula for the proba-
bility coverage and hence the actual size of any two-sided confidence interval hav-
ing this property. Using the argument of Akahira (1999), the actual size of con-

nf/nl

fidence intervals of the form (116), can be obtained in terms of p = S nitolng

as

p(p) = Pr((X;—X,)—c(ST,95) <)

U%Yl/nl,ang/ng)

Voi/ni+o3/n

= Pr(Z < c(p¥1, (1 - p)Y2)

— Pi(Z < VTVelpB, (1 - p)(1 - B)

= EGn1+n272(vn1 + ng —ZC(pB,(l—p)(l—B))), (118)

= pz<

where

and

Y = Yl + }/2 ~ X727,1+77,2—2'
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.5 Distribution of Sums of Squares of Random
Effects Model

Consider the simplest random effects model

Yij =p + oy + €5, fori=1,...)k, j=1,...,n,

where €;; 1s the error term representing the deviation of the response of the
jth observation from the mean of observations from A;, and «; represents the
random effect. Assume that

€ij ™~ N(Ovaz)a Qg ~ N(O;Ui) (119)

and that oy, €51 = 1,...,k, j = 1,...,n are mutually independent. Let Y,
1=1,...,k be the sample means corresponding to the k random effects and let
Y be the mean of all data. Consider the problem of finding the distributions of
the sums of squares

k n
Sp o= > > (Vi — Vi) (120)
i=1 j=1
and
k
Sg =nY (Vi - Y) (121)
i=1

that play an important role in one-way ANOVA models.
It immediately follows from

Yi=p +o; +€
that

Yi~ N(u, 02 + o%/n), i=1,...,k. (122)

[e3

From standard results valid for sampling a normal population, we also get k
independent and identically distributed chi-squared random variables

Yy — Yi)?
S ~xXi,, i=1,...,k. (123)

€

n
Jj=1

o
It follows from (122) that

SE
5 Xﬁ(n—l) (124)

€

g

and it follows from (122) that
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S 9

—_— ~ . 125
O_g i ndi Xk—1 ( )

Moreover, these random variables are independently distributed.

.6 Distributions in Three-Way Random Effects
Model

Consider the three-way random effects model

Yijew = p+ (o5 + B+ k) +
(aBy; + abi + BOj1) + aBbiji + €ijni, (126)
i = 1,....Li=1,....J;k=1,...  K;1l=1,...,L,

where o is the effect due to the ith random level of A, B; is the random effect
due to the jth level of B, and 0y is the random effect due to kth level of C.
Terms such as af3;; represents the two way interactions and a6 denotes the
interaction between all three factors. As in the two-way mixed effects model,
assume that the fized effects are measured as deviations from the overall mean

J
so that they satisfy the equation B; = 0. In three-way random effects it is
j=1
assumed that

Qi ~ N(0,0’i),

ﬁj ~ N(0,0’%),
Hk ~ N(0,0'z)

aﬁij ~ N(Ovo—iﬁ)a
by, ~ N(0,0%,),
B0k~ N(0,0%)

250)

Oéﬁeijk; ~ N(O’Oaﬂg 5

and
€ijkl ™ N(O, 0'3)

ANCOVA in three-way random effects models and mized models are based on
the sum of squares decomposition

St = (Sa + Sﬂ + Se) + (Sag + Sae + Sﬁg) + Sagg + S,

with definitions given in Chapter 4. To describe the approach to deriving the
distribution of the sums of squares, consider for example
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To derive its distribution, consider the identity

(Vi.—Y) = (ai—a)+(aB, —aB) + (afb; — ap) + (& — o),
= (l/i - v)u
where -
vi = a; +af; + af; + apb;. (127)
Since
2/3
aB; ~ N(0,-5),
eyl 350
aﬂez N(07 TK );
and
_ o?
€; ~ N(O, JK )
we have ) , i
(o o
vi~ N(0,0% 422 4 —oB2 e (128)

J JK  JKL
Consequently, from basic results of sampling from a normal distribution, we get
I
(v =)

1

2 2
2 %as %ape o?
out—7 +Jr t 7KL

.
I

~Xio1- (129)

QN

Hence,

~

Y, - V)
Sa 1',1( ) )

2
= ~x3_i. (130
JKLo% + KLo?, + Lo? 45 + 02 X7-1- (130)

q |l

2 o2 >
oot + SR+ TRE
The distribution of S, given by (130) also implies that

Sa
I-1
Multivariate Technical Arguments

E(MS,) = E(

) = JKLo?, + KLo?3 + Lob gy + 0.

.1 Form of ﬁl(X; A1, A2) in the Behrens—Fisher
Problem

Consider the generalized test variable

1
i=1

I _ —
= Y X -X)ATX - X)

=1
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used in the derivation of the generalized MANOVA test in Section 6.5 with the
weights

I
Wi(A) = (Zm) A

where
_ I -1
T, = W,(A)(X; — X) = WiA’Z, - W, <ZA;1> S Az,
=1 =1

When I = 2, the generalized test given by (131) reduces to the test given by (77)
in the two-sample case. To see this, starting with the identity

(A1_1 + A2_1)_1 = Al (A1 + AQ)_l A2 = A2 (Al + AQ)_l A17
let us express T; as
T, = WX — (A7 + A7) AT X+ A51X))
= WK — A (A +Ay) X — Ay (A + Ay) 1 X)
= IWAL (AL +Ay) (X - Xo)
= £(X;—Xy)
= +(A+Ay)"?Z,

where Z = (Aq + Ag)_l/2 (X; — X5) ~ N(0,1I), and £ stands for the signs we
get when © =1 and 2. Therefore,

I
ﬁl(X;Al,...7AI) Z T;TZ
i=1
= 27 (A1 +Ay) Z,

which leads to the same test as in (77).

.2 Estimating the Parameters of GMANQOVA Model

Consider the Generalized Multivariate Analysis of Variance model

Y =AvB +e¢, (132)

where Y is a N x T matriz of responses from N subjects taken over T time
points, A is an among subject design matrix of dimension N x q, B isapxT
within subject design matriz, and v is a q X p matrix of parameters. Assume
that

6NNNT(0,Z®IN) .
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Then the MLE of = is
5= (A'A)'A'YST'B(B'S'B) ',
where
S=Y'(I-AA’A)'A)Y.
To establish this result, let us first choose components of a T xT nonsingular
matric C=( C; Cq ) such that
BC;=1, and BCy= 0,

where Cy is a T x p matriz of rank p and Cqo is a T x (T — p) matriz of
rank (T — p) That is such that BC=( I, 0 ). For ezample, we could set
C,=B/'(BB’)"! and C; to be basis of I—B'(BB') 'B. Now consider the
transformed observations given by

Y = YC
= (YC, YCy)
= (Y1 Yo).

The transformed data allows us to obtain a classical linear model, because

E(Y:) = A~BC,
= A~y (133)
and
E(Y;) = A~BC,
= 0. (134)

Hence, we can express model (117) as
(Yy Yy )=(A 0)v+E,
where E ~ Ny (0, Y ® Iy) and

5_( CiZCi C5C,
C,%C, CL3C, |-

Therefore, the joint density function of (Y1, Ya) can be expressed as the product
of the conditional density of Y1 given Ys, and the marginal density of Y1 given
by
Y1|Y2 ~ NN(T—p) (A’)’ + YQ)\, 212 ® IN) (135)
and
Yy ~ Ny,(0,Co3Co ® Iy), (136)

where
A= (CLECy)ICLEC,
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and

Y12 = C)XC; - C\ECy(CLEC,) ICLEC, (137)
(B 'B/)"L (138)
Since the marginal distribution does not involve ~y, the MLE of ~ is the same

as the one obtained by maximizing the log likelihood given by (185). By writing
the linear model underlying (135) as

E(Yi[Y2) = (A Y2)<K)
— 76

)

we can obtain the MLE of v by partitioning that of 8, which is the same as the
usual least squares estimate

~

6 = <1 > —(Z'2)7'2'Y,
by
[ AA AY, )\ [ AY,
T\ YA YLY, YY)

R = I-AA'A) A/,
S = Y'RY,

Define matrices

and
W = (A'A)7'AY5(YLY, — YLA(A'A)TTA'Y,) L
= (A’A)'A'YL(YLRY,) !

By applying the formula for inverting a partitioned matriz and using matric
algebra, thus we get the MLE of ~

7 = (A'A)TTA'Y +WYLA(A'A)TTAY, - WYLY,
= (A’A)7'A'Y; - WYLRY,
= (A'A)TTA(Y1-Y2(YLRY,) T YLRY)
= (A’A)TTAY(C; — Cy(CLSCy) 1 CLSCy).
But from (135), which is valid for any X,
C,(C,SCy)'C, =8 —S7'B(B'S™'B) 'B'S™ .
Therefore, 4 can be expressed as
5 = (A'A)'A'Y(C, - [ST'—ST!B(B'ST'B) 'B'S!|SC))
= (A’A)'A'YSTIB(B'S'B) 'B'C,
= (A'A)'A'YSTIB(B'S'B) .



